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ABSTRACT 


The  main  purpose  of  this  thesis  is  to  give  a  certain 

method  of  classifying  polynomial  sets,  making  use  of  the  linear 
n  n_  ^ 

operator  D^x  =  c^x  where  (cn>  n  =  0,1,...)  is  a  given 
sequence  of  numbers.  This  method  of  classification  contains  all 
other  methods  that  were  previously  given  by  Sheffer  and  others. 

As  an  application  some  identities  were  obtained  and 
all  orthogonal  polynomials  which  are  members  of  a  certain  class  of 
polynomial  sets  were  characterized. 


A  bibliography  on  Appell  polynomials  has  been  included. 
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CHAPTER  I 


INTRODUCTION 


n 

X 

The  polynomials  p^(x)  =  yy  (n  =  0,1,...)  have  the  property  that 

(1-1)  Dp  (x)  =  p  (x)  (n  =  1,2,...), 

n  n-1 

where  D  =  .  This  led  P.  Appell  [  B]  in  1880  to  consider  polynomial 

sets  which  satisfy  (1.1)  (such  polynomial  sets  were  called  later  sets 

of  Appell  polynomials).  He  pointed  out  several  of  their  interesting 

00 

properties.  For  example  he  proved  that  a  polynomial  set  {p^x)}^ 

Appell  (i.e.  satisfies  (1.1))  if  and  only  if 

GO 

l  Pn(x)tn  =  f(t)eXt, 

n=o 

where  f(t)  is  (at  least  formally)  a  power  series  in  t  .  Well  known 
examples  of  Appell  polynomials  are  the  Hermite  and  Bernoulli  polynomials 
which  may  be  defined  by 
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respectively. 

Since  Appell  first  introduced  them,  these  polynomial  sets  have 
received  a  great  deal  of  attention  (we  shall  enclose  as  an  appendix  a 
bibliography  of  Appell  polynomials).  Various  generalizations  and 
analogues  of  Appell' s  work  appeared.  For  example  polynomial  sets  which 
satisfy  the  functional  equation 

(1.4)  Ap^(x)  =  Pn_1(x)» 


where  Af(x)  =  f(x+l)  -  f(x),  have  been  considered  and  orthogonal 
polynomials  satisfying  (1.4)  have  also  been  determined  (Carlitz  [8  ]). 
This  is  an  analogue  of  a  question  which  occupied  several  mathematicians 
who  proved  that  the  only  Appell  polynomial  set  which  is  also  orthogonal 
is  the  set  of  Hermite  polynomials. 

Sharma  and  Chak  [1^  ]  studied  polynomial  sets  which  are  the 
q-analogue  of  Appell  sets,  i.e.  polynomial  sets  which  satisfy 


Vn(x) 


where  D  is  the  q-difference  operator  defined  by 
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D  f(x)  =  . 

q  (q-l)  X 

Ward  [2.6]  in  his  trial  "to  give  a  generalization  of  a  large 

portion  of  formal  parts  of  algebraic  analysis  and  the  calculus  of 

finite  differences"  replaced  the  differentiation  by  a  linear  and 

n  n_ 

distributive  operation  which  throws  x  into  c  x  with  c  =0, 

no 

c.  =  1  and  c  ^  0  for  n  >  1.  If  we  denote  Ward's  operator  by  D  , 
In  r  c,x 

then 
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for  any  power  series 


F(x)  =  l  anxn, 
n=o 


where  c  stands  for  the  sequence  c  ,c1f...,c  y  ..  »  . 

o  1  n 

This  idea  occurred  also  to  Martin  [15]  in  his  work  on 
expansion  in  terms  of  a  certain  class  of  functions.  He  considered 
an  operator  B  defined  by 
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for  any  single  valued  analytic  function  F(x)  which  is  regular  at 
x  =  0,  where  c  is  any  circle  about  the  origin  within  the  region  of 
analyticity  of  F(z),  x  is  any  interior  point  of  c  and 
X  .Xf, . • •  is  an  infinite  sequence  of  nonzero  constants  such  that 
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n  ->  00 
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In  particular  if  F(x)  =  x11  and  m  =  1  then  (1.5) 

reduces  to 


Bx11  =  A  x11  (n  =  1,2,...), 
n 

Bx°  =  0 


i.e.  Martin's  operator  B  reduces  to  Ward's  operator  D 

C  j  X 

Recently  Chak  [ 9  ]  considered  again  polynomial  sets 

satisfying 


(1.6) 
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where  D  is  a  linear  operator  such  that 
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with 

(1.8)  =  0,  =  1  and  ^  0  (n  =  2,3,...)  . 

oc 

He  calls  polynomial  sets  {p  (x)}q  satisfying  (1.6)  "Appell 
polynomials  to  the  base  c  ",  where  c  is  the  sequence  c  ,c^,... 
of  (1.7)  and  (1.8) . 

Steffensen  [23]  and  Sheffer  [20]  gave  a  further  general¬ 
ization  of  Appell  polynomials  by  considering  polynomial  sets 

oo 

{pn(x)}Q  which  satisfy 

(1.9)  J(x,D)pn(x)  =  Pn_1(x)  (n  =  1,2,...), 

where  J(x,D)  is  a  linear  differential  operator  of  the  form 


0X3 

(1.10)  J(x,D)  =  l  Tr(x)Dr+1, 

r=o 

and  T^(x)  is  a  polynomial  in  x  of  degree  at  most  r,  for  all 
r.  Sheffer  [Q.P]  classifies  polynomial  sets  according  to  the  maximum 
degree  of  the  coefficients  T^(x)’s  in  the  corresponding  linear 
differential  operator  J(x,D).  He  obtained  interesting  results 
for  the  class  of  polynomials  which  he  called  "A-type  zero". 


Rainville  [!«!?]  extended  Sheffer’s  work  by  replacing  the 
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differential  operator  D  in  (1.9)  and  (1.10)  by  his  operator 
where 


n 

a  =  D  n  (e+b.-l) , 
i=l  1 

with 

0  =  xD, 

and  b. ,b„  , . . . ,b  are  constants. 

12  n 

M  00 

Ozegov  [It]  studied  polynomial  sets  (p  (x)}  satisfying 
Drpn(x)  -  Pn_r(x)  (n  =  r,r+l,...), 

where  r  is  a  fixed  integer.  He  denotes  the  class  of  all  such 

(■£  ) 

polynomial  sets  by  A  .  Al-Salam  and  Verma  [ 3 ]  generalized 

00 

Ozegov' s  work  and  considered  polynomial  sets  {p  (x)}  satisfying 
J(D)pn(x)  =  Pn_r(x)  (n  =  r , r+1 ,...), 


where 


i ) 
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and  the  a^’s  are  independent  of  x.  They  call  such  polynomials 
"The  generalized  Shef f er-Stef f ensen  polynomials"  and  they  denote  the 
class  of  all  such  polynomials  by  Sv  . 

In  this  thesis  we  shall  consider  the  basic  ideas  in  the 
above-mentioned  work  by  considering  operators  which  include  all  the 
work  of  the  above  authors. 

In  Chapter  II  we  review  the  Sheffer  and  other  known 
classifications  of  polynomial  sets.  In  Chapter  III  we  introduce  the 
Dc-type  classification  which  includes  all  the  known  classifications 
as  special  cases.  In  Chapter  IV  we  consider  the  class  Dc~type 
zero  polynomials  which  is  the  analogue  of  the  class  "A-type  zero" 
introduced  by  Sheffer  [2-0]  .  In  Chapter  V  we  consider  the  class 
Dc-type  k  of  polynomials.  In  Chapte'r  VI  we  give  a  characterization 
of  polynomial  sets  having  a  Boas  and  Buck  type  generating  function 
and  we  apply  that  to  some  polynomials  to  obtain  some  identities. 

In  Chapter  VII  we  characterize  all  orthogonal  polynomials  generated 
by 

00 

l  Pn(x)tn  =  A(t)fc  (xH(t)) , 
n=o  q 


where  £  (x) 

q 


is  a  generalized  exponential  which  will  be  defined  in 


(7.2). 
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CHAPTER  II 


SHEFFER  AND  OTHER  CLASSIFICATIONS 


2.1  The  Shef f er  A-type  class if ication .  In  what  follows  we 
shall  denote  the  differential  operator  —  by  D.  By  a  polynomial 

oo 

S6t  {pn(x)}o  We  mean  a  sequence  of  polynomials  pQ(x) ,p^(x) , . . . 
such  that  Pn(x)  °f  degree  n,  for  all  n.  Now  we  associate 

oo 

with  every  polynomial  set  {p^Cx)}^  a  ^■*-near  differential  operator 
J(x,D)  of  the  form 

OO 

(2.1)  J(x,D)  =  l  Tr(x)Dr+1, 

r=o 


such  that 

(2.2)  J(x,D)pn(x)  ■  Pn-1(x)  (n  =  1,2,...); 

where  T^(x)  is  a  polynomial  of  degree  at  most  r,  for  r  =  0,1,...  . 
I.M.  Sheffer  [  2.0]  proved  that  for  any  given  polynomial 

OO 

set  {pn(x)}Q  such  an  associated  linear  differential  operator 
J(x,D)  exists  and  is  unique.  We  say  with  Sheffer  that  a  polynomial 

OO 

set  {pn(x)}o  belongs  to  the  linear  differential  operator  J(x,D), 
or  briefly  belongs  to  J,  if  and  only  if  J  has  the  form  (2.1) 


i’j  /  •>-'  !/J  ;  •'  C 
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9. 


and  (2.2)  is  satisfied.  It  is  true  that  a  polynomial  set  determines 

uniquely  the  associated  J-operator  but  the  converse  is  not  true.  In 

fact  the  next  theorem  shows  that  to  each  J-operator,  corresponds 

infinitely  many  polynomial  sets  {p  (x) }°°  such  that  (2.2)  is 

n  o 

satisfied . 

00 

Theorem  2.1  (Sheffer  [2.0]).  Two  polynomial  sets  {p  (x) } 

-  -  - - n  Q 

oo 

and  belong  to  the  same  J-operator  if  and  only  if  there 

*1  00 

exists  a  sequence  of  constants  {b  }  such  that 

b  ±  0, 
o 


and 


(2.3) 


n 


P„(X)  = 


J  Vn-k(x) 

k=o 


(n  =  0,1,...). 


Although  to  each  J  there  are  infinitely  many  polynomial  sets 

OO 

{p^(x)}o  which  belong  to  J,  there  is  a  unique  polynomial  set 

OO 

{B  (x)>  which  belongs  to  J  and  satisfies 
n  o 

B  (0)  =  1,  B  (0)  =  0  (n  =  1,2,  . .  .)  . 
o  n 


Sheffer  [2.0]  calls  this  particular  polynomial  set 


the 


basic  polynomial  set  associated  with  the  given  J-operator. 
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Sheffer  [2.0]  classified  polynomial  sets  in  the  following 

00 

way.  He  says  that  a  polynomial  set  {p  (x) }  is  of  A-type  k 

no 

(k  <  °° )  if  and  only  if  the  maximum  degree  of  the  corresponding 

coefficients  T^(x)’s  is  k.  If  the  degrees  of  the  coefficients 

T  (x) ' s  were  unbounded,  then  {p  (x) }°°  is  of  A-type  ~  .  We 
r  n  o  jr 

shall  follow  his  definitions. 

Several  interesting  results  were  obtained  for  the  class 
A-type  zero.  In  this  case  J(x,D)  will  be  independent  of  x,  i.e. 

oo 

(2.4)  J(x,D)  =  J(D)  =  l  srDr+1  (s  j*  0). 

r=o 

Let  H(t)  be  the  formal  inverse  to  J(t),  i.e.  J(H(t))  =  H(J(t))  =  t, 
then  we  have 

Theorem  2. 2  (Sheffer  [10] )  .  A  polynomial  set  (p^(x) }q  A®. 
of  A-type  zero  if  and  only  if 

00 

(2.5)  l  Pn(x) tn  -  A(t)exp(xH(t)) , 

n=o 

in  which  H(t)  and  A(t)  have  the  formal  expansions 


(2.6) 


with  h^  ^  0, 


«* 
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11. 


(2.7) 


A(t) 


V  a  tn  with  a  ^  0 . 
L  n  o 


The  series  A(t)  in  the  previous  theorem  is  called  the  determinating 

series  for  the  given  polynomial  set  {p  (x)}°°. 

n  o 

Theorem  2.3  (Shef f er  [2.0]).  Let  (pn(x)}Q  be  a  polynomial  set, 

then  the  following  conditions  are  equivalent 

00 

(i)  {p  (x) }  is  of  A-type  zero 

n  o - — - 

(ii)  There  exist  sequences  of  constants  {a  }°°  and  (B  }°°  such  that 

- - n  o  -  n  o - 


n-1 


(2.8) 


l  (\+^vpn-k-i(x)  ■  np n(x>> 

k=o 


where  the  a^'s  and  B^'s  are  related  to  the  d e t e rmina t ing  series 
A(t)  and  H(t) ,  the  formal  inverse  to  J(t);  in  the  following  way 


(2.9) 


l  antn  =  A'(t)/A(t) 


n=o 


(2.10) 


l  3ntn  =  H'(t)  . 


n=o 


(iii)  There  exists  a  sequence  of  constants  {h^}^  such  that 
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l  hkPn_k(x)  "  pn(x)  (n  “  1>2».*-)» 


k=l 


(2.11) 
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12. 


where  the  constants  h^h^...  are  those  of  equation  (2.6)  in 
theorem  2.2. 

Sheffer  also  gave  the  following  theorem: 

Theorem  2 . 4  (Sheffer  [Q.  |  ]  and  Thorne  [23]  )  .  A  polynomial  set 

co 

{pn(x)}0  is  of  A-type  zero  if  and  only  if  there  exists  a  function 
a(x)  of  bounded  variation  on  (0,°°)  such  that 

(i)  The  moment  integrals 


00 


y  ■  /  xnda(x)  (n  ■  0,1 


9  •  •  • 


), 
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all  exist. 


(ii)  y  i4  0. 
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(iii)  {p  (x) }  satisfies 
rn  o  - 


00 


(2.12)  J  p^(x)da (x)  *  6 


n,r 


(n,r  *  1,2,3 
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), 
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are  the  iterates  of  J  . 


Moreover  the  determinating  series  A(t)  for  (p^(x)}  is  given  by 


00 


A(t)  =  [/  (exp(xH(t) }da(x) ] 
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(2.13) 
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13. 


This  is  a  generalization  of  an  earlier  theorem  which  Thorne  [/13]  gave 
for  Appell  polynomials. 

Theorem  2.5  (Shef f er  [2|]).  A  polynomial  set  {p^x)}^  — 

of  A-type  zero  if  and  only  if  there  exists  a_  function  $(x)  of 
bounded  variation  on  (0,°°)  having  the  following  properties : 

(i)  The  moment  integrals 

00 

bn  =  /  xnd3(x) , 
o 


all  exist . 

(ii)  b  ^  0. 

o 

(iii)  For  n  =  0,1,2, . . . 


(2.14)  Pn(x)  -/  Bn(x+t)d3(t) , 

o 

00 

where  {B  (x) }  is  the  basic  set  for  the  corresponding  Sheffer 
-  n  o - - 1 - “• - 

operator . 


In  fact  the  determinating  series  A(t)  for  the  polynomial 

00 

set  {pn(x))o  of  the  previous  theorem  is  given  by 


A(t)  =  /  exp(xH(t) )d3(t) . 
o 


(2.15) 


~  t  .-39  no  c  no 
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Sheffer  gave  characterizations  of  polynomials  of  A-type  k 
and  A-type  zero  using  the  notion  of  the  E-associate  of  a  polynomial 

CO 

set.  He  calls  a  sequence  of  series  {M  (x)}  ,  the  E-associate  of  a 

n  o  -  - 

polynomial  set  (pn(x)}“  if  and  only  if 


(2.16)  exp(tx)  »  l  pn(x)Mn(t). 

n=o 


It  is  very  easy  to  see  that  the  E-associate  of  a  given  polynomial 
00 

set  {pn(x)}Q  always  exists  and  is  unique.  Moreover  the  members  of 
the  E-associate  have  the  form 

(2.17)  M  (t)  =  m  tn  +  m  . tn+^  +  ...  with  m  ^  0 
n  n , n  n , n+1  n , n 

His  characterizations  are: 

Theorem  2.6  (Sheffer  [20]).  A  polynomial  set  {pn(x))o  is. 
of  A-type  zero  if  and  only  if  there  exist  two  formal  power  series : 


A(t)  35  T  at  with  a  ^  0, 
L  n  o 

n=o 


J(t)  “  l  c  tn  with  c.  +  0 

1*»  X 


such  that 


/ 


■ 


15. 


Mn(t)  -  [ J C t) ]n/A( J ( t) ) , 


CO  00 

where  {M  (t)}  is  the  E-associate  of  {p  (x)} 
no  no 

Theorem  2 . 7  (Shef  f  er  [2  D] )  .  A  polynomial  set  {  p^(x)  }q  jLs^  of 
A  -type  k  if  and  only  if  there  are  k  +  1  linear  differential 
operators  with  constant  coefficients  Jq(D) , . . . , J^(D)  such  that 


J  (t)  =  T  a  .t"5  for  0  <  m  <  k, 
m  .  . ,  m,  j  —  — 


j=m+l 


(2.18) 


Jk(t)  i  0; 


(2.19)  a^  +  na.^  +  •••  +  n(n-l) . . . (n-k+l)a^,k+^  ^  0, 


and 


(2.20)  M  x1(t)  =  J  (t)M  (t)  +  J  (t)M’(t)  +  ...  +  -J  (t)M^k)(t) 
n+1  on  in  k  n 

for  n  =  0,1, ... , 


CO  00 

where  {M  (t)>  is  the  E-associate  of  {p  (x) } 


00 

Theorem  2.8  (Sheffer  [20]).  A  polynomial  set  {p  (x)>  is 

n  o 

of  A-type  k  if  and  only  if  the  following  k  +  1  ratios 


C'1  I-te-t 


0  *  (3)  .1 


v  ;j  £5 


‘ 


16. 


(2.21)  A  (t)  = 


mCJ+D  M(k) 


M  .  .  .  MVJ  ,M'"J  .  .  .M' 

n  n  n+1  n  n 


M  m^) 

n+k' •  n+k  n+k+1  n+k  * *  n+k 


(k) 


M  M’  ...M 
n  n  n 


M  M’  m^) 

n+k  n+k*  n+k 


for  j  =  0 , 1, . . . ,k, 


are  independent  of  n,  where  {M  (t)}  is  the  E-associate  of 
^  -  * 

Now  we  come  to  two  characterizations  of  A-type  k  polynomial 

00 

sets  (p  (x) }  which  are  of  Brenke  type,  i.e. 
n  o 


(2.22) 


l  p  (x)  tn  =  A(t)B(xt)  , 


n=o 


n 


where  A(t)  and  B(u)  are  formal  power  series 


A(t)  =  l  antn  ) 


n=o 


(2.23) 


oo  n 

u 


B  (u)  =  )  b  • 

L  n  n! 
n=o 


Boas  and  Buck  [*7]  proved  that  (2.22)  and  (2.23)  generate  a 


polynomial  set  {pn(x)}Q  if  and  oniy  if 


v . 

1 


r  ,  >  ♦  •  • 


!  {3-A  OWI?  Oj  £"103  9W  WO  'A 


(£S.£) 


/ 
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a  b  ^0  for  all  n. 
o  n 

Huff  [1^]  proved  that  such  a  polynomial  set  is  of  A-type  k  if  and 
only  if  there  exists  k  +  1  constants  y  ,y  , . .  .  ,y  such  that 

OX  K. 

(i)  yk  +  0 

and  if  the  g's  are  defined  by 

(ii)  bn8o8l* ’ *8n-l  *  1  for 
then 


8, 


Y, 


J 


g 


n 


k 

V 

L 

j-o 


n! 


(n-j) 


Y. 


n 


1,2, • . . ,k. 


Huff  and  Rainville  [|!^]  proved  that  such  a  polynomial  set  {pn(x)} 
is  of  A-type  k  if  and  only  if 

B(xt)  ■  QFk(e1, . . . ,ek;axt) . 

2.2  Sheffer  also  gave  two  other  methods  to  classify 
polynomial  sets.  Those  we  explain  below. 

00 

Let  {pn(x))o  be  a  given  polynomial  set.  We  associate 

00 

with  it  a  sequence  of  polynomials  {Gn(x)}Q  defined  inductively  as 


o'  f  .Lq  :  W  30  :  .11  .  : 


{(x)  0}  3 1  tmofrv.  oq  io  aonr  /pes  a  iJt  d^xw 


18. 


(2.24) 


gq(x)  =  p^(x)/pQ(x) 


n-1 

Gn(x)  =  tP^+1(x)"  I  Gk(x)pn_k(x) ] /pQ(x)  n  =  1,2,...  . 

k=o 


oo 

Clearly  the  sequence  {G^(x)}o 


is  unique  and 


n 

(2.25)  P^+i(x)  =  l  Gk(x)pn_k(x)  (n  -  0,1,...)  . 

k=o 

Moreover  G^(x)  is  a  polynomial  of  degree  at  most  n.  If  the  maximum 

degree  of  the  Gn(x)fs  is  k  (k  <  00 )  we  say  that  the  given 

°0 

polynomial  set  {pn(x)}o  B-type  k.  If  the  degrees  of  the 

CO 

G  (x)’s  were  unbounded,  we  say  that  {p  (x) }  is  of  B-type  °°. 

Sheffer  [20]  proved  that  the  class  A-type  zero  and  B-type 
zero  are  identical,  but  in  general  there  is  no  close  link  between 
the  A-type  and  B-type  classifications.  As  a  characterization  of 
finite  B-type  polynomial  sets  Sheffer  proved: 

oo 

Theorem  2.8  (Sheffer  [J2o] )  A  polynomial  set  {pn(x)}Q  of 
B-type  k  _if  and  only  if 


(2.26) 


n=o 


Pn(x) t 


n 


£ 

A(t)exp(  l  x  H  (t)) , 
£-1 


where  the  H^(t),s  are  of  the  form 


||  r  * 


19. 


Vx)  =  I  hn  54  °- 

J  — ^ 


o© 

Now  we  come  to  the  L-type  classification.  Let  {pn(x)}Q 

0° 

be  a  polynomial  set.  We  associate  with  {p^Cx)}^  a  sequence  of 

00 

polynomials  {U  (x) }  such  that  U  (x)  is  of  degree  at  most  n  and 

no  n 


U1(x)  =  p1(x)/pQ(x) , 


n 


Un+l(x)  =  [("+l)Pn+1W-  I  »kWPn.tWl/P0W’ 

k=l 


In  other  words 


n 

(2.27)  npn(x)  “  l  Uk^Pn-k^  * 

k—  1 

00 

Clearly  for  every  polynomial  set  {p^Cx)}^,  associated 

00 

sequence  (U  (x) }  is  unique.  If  the  maximum  degree  of  the 
n  o 

U  (x)'s  is  k  +  1,  we  say  that  {p  (x) }  is  of  L-type  k, 
n  no 

otherwise  we  say  it  is  of  C-type  00  .  Sheffer  [2.0]  proved  that 
for  every  finite  k,  the  classes  B-type  k  and  C-type  k  are 
identical.  In  fact  the  classes  A- type  zero,  B-type  zero  and  C-type 
zero  are  identical. 

00 

Huff  investigated  polynomial  sets  {pn(x)}Q  which  are 


...  '  .  V.  7  i.  3  £  ‘  J  &  -  9  ■  .  • 


* 


/ 
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Brenke  type  polynomials.  He  denotes  such  polynomial  sets  by 

00 

{yn(x»0  anc^  we  shall  follow  his  notation.  He  proved 

Theorem  2 . 9  (Huff  [  I  "3  ]  )  .  A  polynomial  set  (yn(x) }q  A®  — 
B-type  k  if  and  only  if  there  are  k+  1  constants  y . , y, , . . . ,yn  ; 

O  J.  ic 

with  y^  ^  0  such  that 

£  £ 

yn(x)  '  l  V  yn-Jl-l(x)  n  =  1>2 . 

£  =  0 


00 

Moreover  a  {y  (x) } 
- 'n  o 


satisfying 


n-1 

yn(x)  =  I  YjxJyn-j-l(x)’ 


with 


Yj  *  0 


frequently,  is  of  B-type  °°  . 


He  also  showed  that  a  polynomial  set 

A-type  zero  (hence  of  B-type  zero  and  C-type  zero)  if  and  only  if 

00 

the  corresponding  sequence  { b^} q  of  equation  (2.23)  is  a  geometric 
progression.  Hence  he  proved  that  the  Hermite  polynomials,  except 
for  a  linear  transformation  on  x,  are  the  only  orthogonal  polynomials 

G^O 

-type  zero  sets  {yn(x)}Q  * 


We  end  this  section  by  stating  characterizations  of  B-type 


k  polynomials. 


.XmorryXpq  rfoue  asionsb  pH 


■ 


.  ViJ'  j  3  f  .  )fia  oalf.  pH 

J  b:i^  oip 

sox.  jopa  giXtbnoga^i  oo_  9ri:J 

- 


.  ?  Xelnomfloq  ^ 


21. 


Theorem  2.10  (Huff  [13]).  A  polynomial  set  {pn(x)}” 


{ y^Cx) >o  of  finite C-type  if  and  only  if 


np  (x) 
*n 


J+l 


n-1 

Y 


l  («j+Y J*  >Pn-l-l(x)  +  l  5jpn-1-l(x) 

J-o  J  J  J  j-k+1  J  n  3  1 


n  s 


where 


with 


r+1 


-  I 

j“0 


r ! 


SA 


(r-J)l  Tr-j’ 


Theorem  2 . 11  (Huff  [  13  ]  )  •  If.  £  polynomial  set  { Pn(x)  ) 
—  B-type  k  (finite  or  infinite)  ,  then 


n-1 

npn(x)  =  xp^(x)  +  l  Lpn  X(x)  n  =  1,2,... 

j=o  J  ^ 


where  the 


are  constants. 


2.3  The  Rainville  g-classif ication.  Rainville  [1 8 


is  a 


1  2 

J-  y  4*  y  •  •  | 


is 


]  gave 


an  extension  of  the  A-type  classification.  He  defines  his  a-operator 
by 


.1  *  d 


* 


fq« 
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m 

a  =  D  n  (e+b.-l) , 
j=l  J 


where 


0  =  xD, 

and  b. , . .  .  ,b  are  m  constants, 
l  m 

In  this  case  both  theorem  2.1  and  the  argument  which  preceeds  it  are 

valid  if  we  replace  D  by  a  .  The  definition  of  A-type  k,  k 

finite  or  infinite,  will  be  replaced  by  a-type  k,  k  being  finite  or 

infinite.  Moreover  theorem  2.2  will  be  valid  if  we  replace  A-type 

zero  by  a-type  zero  and  exp(xH(t))  by  F  ( — ,b. ,b_ ,  .  . . ,b  ;xH(t)). 

o  m  1  Z  m 

00 

2.4  Ozegov  [J^f]  studied  polynomial  sets  tpn(x)}Q 

satisfying 


(2.28)  Drp  (x)  =  p  (x)  (n  -  r+1 , r+2 ,  .  .  .)  , 

n  n-r  ' 

where  r  is  a  fixed  integer.  He  calls  such  sets  "the  generalized 
Appell  sets" . 

Al-Salam  and  Verma  [3]  studied  polynomial  set  (Pn^x^o 

satisfying 

L(D)pn(x)  -  Pn_r(x)  n  “  r > r+1 , . . . 


(2.29) 


. 


•••  ! 


. 


(8S.S) 


/ 
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with 

00 

(2.30)  L(D )  -  £  a  Dk+r  (a  +  o), 

k  iC  O  ' 

=o 

where  r  is  a  fixed  integer  and  the  a^'s  are  constants.  They 
define  the  class  S  to  be  the  class  of  all  polynomial  sets 
(Pn(x)^0  which  satisfy  (2.29)  for  some  L(D)  of  the  form  (2.30). 

(r)  oo 

The  Ozegov  class  A'  is  the  class  of  polynomial  sets  {p  (x)} 

n  o 

satisfying  (2.28).  Clearly  A^  c  S^.  Al-Salam  and  Verma  [3  ] 
proved: 

Theorem  2 . 12  (Al-Salam  and  Verma  [ 3  ] ) •  A  polynomial  set 

00  ( IT  ) 

{pn(x)}Q  belongs  to  Sv  if  and  only  if  there  exist  formal  power 
series 


H(t)  =  l  h  tj  h.  +  0, 

J-l  J 


As(t)  -  l  a(sV, 

J-o  J 


1  <  s  <  n  (not  all 


(s  )  , 
a  s 
o 


are  zeros) 


r  °° 

l  A. (t)exp(xH(e  -t))  *  l  p  (x)tn, 

j-o  3  3  n=o  n 


such  that 


.  1  I  ' 


■ 


(*>H 


/ 


' 

Si  ,1 
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where  e^»e2 . er  are  the  r-roots  of  unity  i.e. 

for  j  -  1,2 . r  . 


e27tj/r 


In  the  special  case  L(D)  »  Dr  we  have  H(t)  =  t  and  the 
previous  theorem  reduces  to  Ozegov's  [I91]  characterization  of  the 
class  . 


Theorem  2 . 13  (Al-Salam  and  Verma  [  3  ] ) .  Let  J  (D)  be  a.  linear 
differential  operator  of  the  type  (2.4)  and  let  a(x)  be  a  function 
of  bounded  variation  on  (O,00)  such  that  aQ  -  J  da(x)  f  0  .  Then 
a  polynomial  set  {pn(x)}Q  belongs  to  S  if  and  only  if 


/  {J(D)}mp  (x)da(x)  -  y  m 

4  n  n,m 


0,1,2, .  . . 


» 


where  m  are  entries  of  an  infinite  triangular  matrix  in  which 


Y  ■  v  , 

n+r,m+r  n,m 


with 


2.5  Orthogonality  of  certain  sets  of  polynomials.  Several 
mathematicians  considered  the  question  of  enumerating  orthogonal 
polynomial  sets  which  are  at  the  same  time  members  of  a  certain 


)  *' 


-  >  :  ■  .  V 

■ 


/ 
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class  of  polynomial  sets.  For  example  Angelesco  [2^.  ],  Carlitz  [g  ], 

Shohat  [22],  Toscano  [25]  and  Webster  [iT^f]  proved  that  the  Hermite 

polynomial  set  (1.2)  is  the  only  orthogonal  polynomial  set  (up  to 

a  linear  transformation  on  x)  among  the  class  of  Appell  polynomials. 

Later  Carlitz  [$  ]  proved  that  the  Charlier  polynomial  set'-!  (c  (x,a)} 

n 

defined  by 


00 

O 


(2.31)  e  t(l+  — )X  =  \  c  (x,a)tn 

3  n 

n=o 


is  the  only  orthogonal  polynomial  set  among  the  class  of  polynomial 
sets  which  satisfy  (1.2)  up  to  a  linear  transformation  on  x. 

Toscano  [2.5]  and  later  Ilieff  [2$  ]  proved  that  the  only 

00 

orthogonal  polynomial  set  {p  (x) }  which  is  orthogonal  such  that 

n  o 

.  CO 

the  set  {f  (x) }  defined  by 
n  o 


f 

n 


(x)  -  xnpn(i) , 


is  Appell,  is  the  Laguerre  polynomial  set. 

Meixner  [1  6]  and  later  Sheffer  [2.0]  characterized  all 
orthogonal  polynomials  which  are  of  A- type  zero.  Their  result  is 

Theorem  2.14  (Meixner  [|&]  and  Sheffer  [2.0]).  A  polynomial 

QO 

set  {pn(x)}Q  —  A- type  zero  is  orthogonal  if  and  only  if  it '  s 


jj  '  .  a  :  '■  to  .  -  iflionxJbq  M 

•  }  ■its:- 

■  ' 
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generating  function 


F(x,t)  »  l  pn(x)tn, 
n«o 


assumes  one  of  the  forms 


(2.32)  F(x,t)  =  y(l-bt)Cexp{-Y^|i  (abcy  f  0) , 

(2.33)  F(x, t)  ■  y  exp{ t (b+ax)+ct2 }  (acy  f  0), 

(2.34)  F(x,t)  -  yeCC(l-bt)d"ax  (abcy  +  0), 

d  +  -  d_-  - 

(2.35)  F(x,t)  »  y (1-  fj  1  a(l-  p  a  (abcy  +  0,  b  ^  c) . 

We  shall  refer  to  such  polynomials  as  Meixner's  polynomials. 

Al-Salam  [  1  ]  proved  that  all  orthogonal  polynomials  among 
the  finite  B-type  polynomials  are  the  Meixner  polynomials. 

Recently,  Chlhara  [fp]  characterized  all  orthogonal  polynomials 
which  are  Brenke  type  polynomials.  We  shall  not  list  his  results  here 
since  we  are  not  going  to  refer  to  them  in  the  following  discussion. 


.  )  y.y  jflia.-ng 


. 
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CHAPTER  III 


THE  D  -CLASSIFICATION 
c 


In  this  chapter  we  replace  the  differential  operator  D  by 

a  different,  although  related,  one  which  we  shall  call  D  .  Thus  we 

c 

shall  attempt  to  build  up  a  theory  of  classifying  polynomial  sets 
which  is  analogous  to  the  classification  methods  mentioned  in 
Chapter  II. 

For  this  purpose  we  shall  make  use  of  some  ideas  that  have 

already  been  used  by  M.  Ward  [$.£]  and  others.  We  say  with  Ward  that 

00 

a  sequence  of  complex  numbers  {c  }  is  a  "fundamental  sequence" 

no 

if  cq  =  0,  c^  ^  0  (n  1)  .  We  also  use  the  notation 
[0]!  -  1,  [n]  !  -  Clc2...cn  (n  >_  1). 

The  generalized  binomial  coefficient  is  then  defined  as 


r^i  _  r  H  I  _  _ [  fl]  ^ _ 

LkJ  n-kJ  [k] ’ [n-k] l  ’ 


(k  =  0 , 1 , . . . ,n) . 


These  generalized  factorials  and  generalized  binomial  coefficients 


are  also  called  factorials  and  binomial  coefficients  with  respect  to 


the  base  c  =  {c  } 

n  o 


a  w  cj eo<  xuq  i  f  i  i 
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We  write  further 


(3.1)  [ a+b ] n  -  l  [^]arbn'r, 

r=o 

(3.2)  |(x)  -  l  T^r  . 

n=o 

Formulas  (3.1)  and  (3.2)  give  analogues  of  the  binomial  theorem 
and  the  exponential  function  respectively.  By  [a+b+c]n  we  mean 
[a+[b+c]]n. 

If 


f(x) 


OQ 

v 


L 


n-o 


f 


n 


x 


n 


» 


then  we  define 


f [a+b]  =  l  fn[a+b]n, 
n-o 


and 


f (a+b)  “If  (a+b)n. 
n=o 


• 

■ 


/ 
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A  fundamental  sequence  is  called  "normal"  if  and  only  if 


[l-l]n  =0  (n  =  1,2,...). 


Ward  [2.6]  proved  that 


[l-l]2n+1  =0  (n  -  0,1,...), 


is  valid  for  any  fundamental  sequence.  Therefore  a  fundamental  sequence 
is  normal  if  and  only  if 


[ 1-1] 2n  =0  (n  “  1,2,...), 


which  reduces  to 


(3.3) 


[2nni  =  zo-d"-1  y  [2rnK-Dr 

r-o 


He  also  proved  that 


fe(x)£(y)  =  £(x+y) . 


Definition.  To  every  fundamental  sequence  ^-cn^0  we  associate 


c,x 


a  linear  operator  D 


defined  by 


' 


/ 


•a  .  i)  .  I  3  £  i  ;c  /  i3i  9  b  '  i<i'/  ?T 

■ 

-  • 
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(3.4) 


n 


c  ,x 


n-1 


c  x 
n 


n  =  0,1, .. . 


9 


where  the  result  of  applying  t  to  a  power  series  is  defined 
formally  by 


(3.5) 


OO  00 


n-1 

a  c  x 
n  n 


When  no  confusion  arises  we  shall  drop  the  subscript  x 

and  write  D  for  D 

c  c  ,x 

OO 

Theorem  3.1  Let  (pn(x)}Q  a  polynomial  set.  Then  there 

exists  a  unique  operator  t(x,D  )  of  the  form 
1  c 


(3.6) 


(X>DJ  “  I 


r=o 


T  (x)Dr+1, 
r  c 


with  T^(x)  a  polynomial  of  degree  at  most  r,  such  that 

(3.7)  x(x,Dc)pn(x)  =  Pn-1(x)  n  =  1,2,...  . 

Proof .  Equation  (3.7)  shows  that  T^(x)  is  a  polynomial 
in  x  of  degree  at  most  r  .  In  fact  we  can  define  the  Tr(x)'s 


recursively  by 


CO 


i  (x) ^  q  }  .• 

r 


(ra,x)T 


(a.e) 


IfiligonYlo 


X«f 
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VX)DCP1(X)  "  p0(x) 


n+1 


n-1 


n(x)Dripn+ltJt)  =  pn(x)  ‘  I  n  "  1«2> 


r«o 


1  •  6  • 


T  (x)D  p  (x)  =  p  (x) 
o  cl  o 


(3.8) 


n-1 


Vx)  "  1ST 


n+1 


{pn(X> 


V  T  (X)DX+V(x)}, 


L 

r*o 


n 


n4“l 

where  is  the  coefficient  of  x  in  Pn+1 (x) ,  hence 

?  0.  It  is  clear  that  x  is  unique  since  the  Tn(x)'s  are 
determined  uniquely  by  (3.8). 

In  view  of  the  result  of  this  theorem  we  say  that  a 
00 

polynomial  set  {p  (x) }  belongs  to  the  operator  i(x,D  ),  or 

n  o  c 

simply  t  ,  if  and  only  if  t  has  the  form  (3.6)  and  (3.7) 
is  satisfied. 

Definition.  When  the  coefficients  lMx)'s  of  (3.6)  have 

the  maximum  degree  k  (k  <  00 )  ,  we  shall  say  that  {p  (x) }°°  is  of 

n  o 

D_~type  k  .  If  the  degrees  of  the  T  (x)'s  are  unbounded  we  shall 

C  IT 

oo 

say  that  {p  (x) }  is  of  D  -type©©, 
n  o  c 

00 

We  have  seen  that  a  polynomial  set  {Pn(x^0  belongs  to  a 
uniquely  determined  operator  t  .  The  converse  is  not  true.  In 


•XOSa-jqc  ‘  ■  i  y.'iGi  3.1 

jfi 


*'••*.  v.!  u  -  ,  •  ■:  ;rj 


/ 
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fact  we  have: 

Theorem  3.2  Two  polynomial  sets  {p  (x)}°°  and  (a  (x)}°° 

-  - - n  o  -  n  o 

belong  to  the  T-operator  if  and  only  if  there  exists  a  sequence  of 

constants  {b  }°°  with  b  ^  0.  such  that 
-  n  o  -  o - 


0.9)  Pn«  -  l  bkqn-k(x)  ’ 

k=o 


Proof.  Let  {q  (x)}  belong  to  t  and  let  {p  (x)}°°  be  given 
-  no  rn  o 

by  (3.9).  Therefore  we  have 


T  PB(X) 


y  b.  xq  ,  (x) 
L  k  n-k 


n-1 

y  b.  q  .  .  (x)  =  p  .  (x)  , 

,  L  k^n-k-1  *n-l 

k=o 


00 

which  shows  that  {p^(x)}o  belongs  to  x  . 

GO  00 

Next  let  both  {pn(x)}Q  and  {qn(x)>  belong  to  the  same 
t  operators  and  let 

n 

(3.10)  Pn(x)  “  I  Pn  kqn-k^  =  • 

k=*o  * 


Apply  x  to  both  sides  of  (3.10)  to  get 


n-1 

Pn-l(x)  =  l  Pn ,kqn-l-k(x)  (n  “ 

k=o 


*if{  -  «  910i-3  .  T 
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i.e. 


n  ,  —  n  ,  .  =  .  .  .  =  n  .  =  b.  say, 
n,k  n-l,k  'o,k  k  J * 

which  shows  that  the  p’s  are  independent  of  n  i.e.  depend  only 
on  k  . 


As  a  consequence  of  this  theorem  we  see  that  if  there  is 
a  polynomial  set  which  belongs  to  a  T-operator,  then  there  are 

infinitely  many  polynomial  sets  which  belong  to  the  same  T-operator. 

00 

Clearly  there  is  exactly  one  polynomial  set  {Bn(x)}Q  which  belongs 
to  a  given  i-operator  such  that 


(3.11) 


Bo(0)  -  1 


Bn(0)  -  0  , 


such  a  polynomial  set  called  "the  basic  set  of 

T(x,Dc)". 

Now  we  give  two  examples  to  show  that  the  D  -classification 

c 

is  different  from  the  A-type  classification. 

o  n 

Z.  ^  00 

Example  1.  Let  c  ■  n  then  { - .  is  of  D.-type  zero 

n  /  t.  v  z  o  c 

(n!)  2 

but  it  is  of  A-type  1,  since  it  belongs  to  D  +  xD  . 


Example  2.  Let 


.  0  ••  •  •  '  8 


I 
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c  =1  n  >  1 
n  — 


c 

o 


0. 


n 

X  oo 

Then  {— — }  is  of  D  -type  1  and  A-type  infinity,  since  it  belongs 

2  ^  o 

to 


j(x,d)  =2j; 

k=l 


(~x) 


k-1 


k! 


D 


t(x,D  ) 

w 


D  +  xD2 
c  c 


where 


D  f(x)  ■ 

C  X 

for  any  polynomial  f(x). 

In  the  rest  of  this  chapter  we  generalize  Al-Salam  and 

OO 

Verma's  results  [J].  We  shall  study  polynomial  sets  {p  (x) } 

n  o 

satisfying 

(3.12)  K(Dc)pn(x)  -  Pn_r(x)  (n  ■  r,r+l,...); 

for  a  fixed  integer  r,  where  K(D  )  has  the  form 

c 


. 


gnJr^ejk^Ba 


miol  9ris  aeri  (  (D-H  9^9rfw  t'l  v»B93<xJ:  bsxil  s  •sol 
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(3.13) 


K(Dc) 


00 

Y 

L 

k=o 


^k+r 

akDc 


c 


where  the  a^'s  are  constants.  The  class  of  such  polynomial  sets 

( ic') 

will  be  denoted  by  Gv  ' 

(r) 


The  next  two  theorems  are  characterizations 


of  the  class  G 
Verma’s  class 
and  c 


It  is  clear  that  G 


(r) 


reduces  to  Al-Salam  and 


if  c  =  n 
n 


,  i.e.  D  =  D.  -Moreover  for  r  =  1 
c 


n 


n^  G^r^  reduces  to  Ozegov’s  class 


OQ  ( 

Theorem  3.3  A  polynomial  set  {pn(x)}Q  belongs  to  G  if  and 


only  if  there  exist  power  series 


(3.14)  H(t)  =  l  h  tj  (h  +  0), 

J-1  J 


(3.15)  A  (t)  -  l  a^t^  (not  all  are  zeros),  s  =  l,2,...,r. 

S  j=o  J 


such  that 


r  °o 

(3.16)  l  A. (t)e(xH(s.t))  =  l  p  (x)tn, 

j-1  J  J  n=o  n 

where  e^,£2»**'»er  are  the  r-roots  of  unity. 

Proof .  If  (3 . 14)-(3 . 16)  are  satisfied,  then  clearly  (3.12) 

follows  for  any  K(D  )  of  the  form  (3.13). 

o 


/ 


.(£!.£)  ttrte:  ari3  c  I)M  <  xloi 


36. 


Conversely  let 


CO 

iPn(x)>o  belong  to 


and  let 


K(t)  =  {T(t)}r. 


Clearly  we  have 


{K(D  )-tr}  l  p  (x)tn  -  0, 

w  XI 

n=o 


and  hence 


(t(Dc)-e  t)  l  pn(x)tn  =  0  for  j  =  1,2, ...,r, 
J  n=o 


which  gives  (3.16)  where  H(t)  is  the  formal  inverse  to  x(t). 

(it) 

The  second  characterization  of  G  is 

Theorem  3.4  Let  a(x)  be  a  function  of  bounded  variation 


on  (0,“)  such  that  J  da(x)  ^  0  and  all  the  moments  /  xnda(x) 
exist  .  Then  a  polynomial  set  ^Pn^x^0  belongs  to  )  if  and  only 
if 


(3.17)  j  {t(D  ) }mp  (x)da(x)  =  y  m  =  0,1,..., 

c  n  n,m 


where  the  y  ' s  are  entries  of  an  infinite  triangular  matrix  in 


' 


ai  xi  i3sm  salus/iBiM  ©3 iniinJ;  nfi  lo  ssxiana  »*s  s'  y  sri3  asaWw 
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which 


(3.18) 


Yn+r,m+r  Yn,m’ 


and  T(^c)  is  of  the  form 


(3.19) 


t(D  )  -  T  a  D  (a  +  0). 

c  L  n  c  '  o  ' 

n=o 


Proof . 


Let 


QO 

{pn(x)}Q  belong  to 


and  define  x(D  ) 

c 


{x(t)}r  =  K(t), 


where 


K(D  )p  (x)  -  p  (x)  n  =  r , r+1 , . . . 
c  n  n-r 


It  is  clear  that  {(t(D  ))^p  . , (x) }  belongs  to  for 

c  n+j  n=o 

j  =  0,1,...,  and 


(x(Dc))^pn(x)  -  (x(D^.))^+rpn+r(x)  . 


Consequently 


Y  .  =  0  for  j  >  n, 
n,j 


by 


V 


in  ~  U-'  1 


. 

<x)5+nq  *  <*>„<! 


1 
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and 


Yn,j  Yn+r,j+r 

For  the  converse  we  shall  prove  at  first  that  (3.17)  and 
(3.18)  define  a  unique  polynomial  set.  Let 

oc 

£ (xH( t) )  =  l  Bn(x)tn, 
n=o 


Where 


H(i ( t) )  =  x (H( t) )  =  t. 


Put 


/  B  (x)da(x)  =  A  , 
J  n  n 

o 


-i  30 

and  assume  that  (3.17)  and  (3.18)  are  satisfied  by  {pn(x)}Q  • 
Write  p^(x)  terms  of  Bq(x)  , .  . .  ,Bn(x)  as 


Pn(x)  *  l  p(n,k)Bk(x), 
k=o 


. 
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where  p(n,k)  -  0  for  k  >  n.  Therefore 


(t(D  ))mp  (x) 
c  n 


n-m 

■  l  p(n,k+m)Bk(x) , 
k=o 


and  hence 


n-m 

/  p(n,k+m)A,  =  y  m=0,l,...,n, 

,  k  n,m  5  ’ 

k=o 

which  is  a  system  of  linear  equations  in  p(n,k)  with  nonvanishing 
determinant.  Therefore  the  p(n,k)'s  are  uniquely  determined  i.e. 
{p^Cx)}^  is  unique. 

Now  (3.17)  implies 


/  (x(Dc))m+rpn+r(x)da(x) 
o 


Yn+r ,m+r 


Y 


m,n 


Therefore 


(x (D  ))  p  (x)  =  p  (x) 
c  rn  rn-r 


00  (r) 

i.e.  {p^Cx)}^  belongs  to  G  . 


Corollary.  Let  A  =  A(e^,...,e  )  be  the  Vandermonde  determinant 


) 


rr  v;  f  yLot  ->iny  se 


»+rae  'J+n 


40. 


of  .  Then 

—  1  r  - 


n-1 

^  C  (  ^  Ap+l,p+lYn+p,p) 
n=o _ p=o  r  r  ^ 


Aj(t) 


A  l 

s=o 


.s  S 
t  e  .Aa 

J  s 


where  A  is  the  cofactor  of  the  (k,s)  entry  in  A  and 
p ,  s 

Aj(t)’  Yn  m*  e j »  have  the  same  meaning  as  before. 


Clearly  if  c^  is  propertional  to  n  ,  the  class  G 

(r) 


(r) 


reduces  to  Al-Salam  and  Verma’s  class  S  J  .  Now  we  give  examples 

(r)  (r) 

to  show  that  the  classes  S  and  G  may  intersect  without 
being  identical. 


Example  1.  Let 


(3.19) 


c.  =  4n 
(  4n 


°4n+l  =  4n  +  1 


c4n+2  ’  4(4n+2) 


c4n+3  "  4(4n+3) 


(n  -  0,1,...), 
(n  —  0,1,...), 
(n  —  0,1,...), 
(n  0,1,...), 


be  a  fundamental  sequence.  It  is  easy  to  see  that 

3£(2xt)  4-  E(2ixt)  +  £(-2ixt)  +  €(-2xt)  =  -7^  exS?  +  (1-  4^)elXt+  d+  ^r)e^Xt+  ye"xt 

4  4  4  4 


il  C-  iBrtO  IS-' 


. .  .  *>'  •  i  :»<f 


Ux£-);  +  +  (ixiS)3  +  (ix£)3e 
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which  shows  thac  and  G^^  have  a  nonvoid  intersection  for 

the  fundamental  sequence  given  by  (3.19).  In  fact  the  polynomial 

set  {p  (x) }  defined  by 
n  o 


P4n(x) 


6  4n 

— 7  x 
n! 


(n  *  0,1, . . .) 


4n+l 


p4n+l(x)  “  (4n+l) 1  x  (n  * 


p4n+2(x) 


p4ni-3(x) 


(4n+2) » 


(4n+3) ! 


x 


4n+2 


x 


4n+3 


(n  =  0,1, . . .) 


(n  =  0,1, . . .) , 


belongs  to  both  and  G^^  for  the  fundamental  sequence 

(3.19) . 


Example  2.  Consider  the  Euler  Bernstein  polynomials 

{S  (x)}  (Ozegov  [  i  ^] )  which  belongs  to  ,  since 

no 


oo  —  t  t 

Vo/  ,1+e  N  xt  ,  ,  e  -1  N  -xt 

>  S  (x)t  =  ( - )e  +  ( - )e 

L  nv  t,  -V  v  t,  -t' 

n=o  e  +e  e  +e 


It  is  easy  to  see  that 


1-A  -t,  1+A  t  , 

e  H - —  e  -A 


“  ^  e-t+  -M"  et+x  -  ■ 

I  Sn(x)tn  =  {— - — ^ - }£(xt)  +  {  2  2 

n=o  e  +e 


t,  -t 
e  +e 


-}£(-xt) , 


where  the  fundamental  sequence  {c  }q  is  defined  by 


' 


/ 
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c 


2n 


2n 

A 


(n  —  0,1,...), 


C2n+1  =  (2n+1)A  (n  s  0,1,...), 


and  A  is  any  nonzero  constant. 


\ 


CHAPTER  IV 


THE  CLASS  D  -TYPE  ZERO 
c 


In  this  chapter  we  study  the  class  D  -type  zero  in  details. 

c 

All  the  characterizations  given  below  are  analogues  of  known  results 
for  the  Sheffer  class  A-type  zero. 

Let  us  recall  that  a  polynomial  set  {p  (x) }°°  is  of 

rn  o 

D  -type  zero  if  x(D  )p  (x)  =  p  (x)  (n  =  1,2,...),  where 

c  n  n-x 

00 

x(t)  =  2,  ^t  (X  f  0).  Let  us  denote  by  H(t)  the  formal 

k—  1 

inverse  of  x(t),  i.e.  x(H(t))  =  H(x(t))  =  t. 

We  first  give  an  analogue  of  theorem  2.2. 

Theorem  4.1  A  polynomial  set  {p^Cx)}”  is  of  D^-type  zero 
if  and  only  if 


(4-1)  l  Pn(x) tn  =  A(t)£(xH(t)) , 

n=o 


where 


A(t)  =  )  a  t  ,  a  ^  0. 
u  n  o 

o 


(4.2) 


. 


44. 


Proof .  Let  {pn(x)}Q  be  a  polynomial  set  having  generating 

function  of  the  form  (4.1)  with  A(t)  satisfying  (4.2).  Let 

00 

x(t)  =  £  A-t^  be  the  formal  inverse  of  H(t).  Therefore  we  have 

k-1  k 


oo  00  n 

(D  )  l  p  (x)tn  -  A(t)  l  <H(t)}n 

n=o  n=l  L 


(H(t))n  r 


A(t){  y  77,1-  >  X.  c  c  _...c  ,,r 

v  '  L.  [n]  !  ,  k  n  n-1  n-k+1 

n=l  k-1 


n-k, 
x  } 


kw  v  (H(t))nxn} 


A(t){  l  A  (H(t))K}{  l 
k-1  n=o 


“  t  l  pn(x)tn. 


n=o 


since  x(H(t))  =  t. 

Therefore  xp^x)  =  pn_x(x)  i-e-  ^pn^x^o  belon8s  t0  T  * 

00 

To  show  the  converse  let  {p^x)}^  be  a  P°lynomiab  set  °f 

-  00 

D^-type  zero  and  belongs  to  x(Dc).  Define  a  polynomial  set  ^n^x)^0 
by 


£(xH( t) )  =  l  qn(x)tn, 
n=o 


where  H(t)  is  the  formal  inverse  to  x(t).  It  follows  from  the 
first  part  of  the  proof  that  { qR(x) is  of  Dc-type  zero  and 

oo 

belongs  to  x  .  Therefore  there  is  a  sequence  ian^0  with  a0  ^  0 


such  that 


' 


00,  ‘  *  (X)  q 

- 

-  • 


b  n  >r  .  :  8#noIad 
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n 

pn(x)  _  J  akVk(x)  • 

k=o 


Hence 


00 


L 

n=o 


pn(x)tn 


L 

n=o 


;n  J  \Vk(x) 

k=o 


«  A(t) (  l  qn(x)tn) , 
n=o 


where 


A(t) 


00 


n=o 


a 

n 


a  +  0, 
o 


i.e. 


y  p  (x)tn  =  A(t)£(xH(t)) . 
u  n 
n=o 


It  is  clear  that  the  formal  power  series  solution  of  the 
operational  equation 


D  f(x)  =  af(x), 
c 


where  a  is  a  constant,  is 


- 


S' 
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f(x)  =  Bg(ax), 

where  B  is  an  arbitrary  constant.  On  the  other  hand 

D  Y  (ax)  =  a£(ax)  for  any  constant  a  . 
c 

Now  we  give  a  characterization  of  D  -type  zero  polynomial 

sets . 

Theorem  4.2  A  polynomial  set  (Pn(x^0  is  of  Dc~type  zero 

00 

if  and  only  if  there  exists  a.  sequence  of  constants  {tw ^  such 
that 


(4.3) 


n 

DcPn(x)  =  .  S  Vn-k 
k=l 


with  h^  4  0. 

Proof .  Let  {pn(x)}”  satisfy  (4.3)  with  h1  4  0  and  let 


I  pn(x) tn  =  F(x,t) . 
n=o 


Therefore  we  have 


D  (F  (x ,  t)  ) 
c 


■  l  Vpn(x))tn  =  1 

n=o  n®. 


a  k=l 


l  Vn-k(x)t 


n 


00 


V 

L 

k-1 


00 

Y 

k®n 


pn-k(x)t 


n-k 


=  H(t)F(x,t) , 


! 


''[~lC3(x)  _,q  l  *• 
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i .  e . 


D  F(x , t)  =  H(t)F(x, t)  , 
c 


which  has  the  solution 


F(x,t)  =  A(t)£.(xH(t))  , 


where 


A(t)  =  l  antn, 
o 


is  an  arbitrary  power  series  in  t  . 

In  this  case  A(t)  will  satisfy 


A(t)  s  I  pn(0)tn, 
n=o 


i.e.  a  #0. 
o 

00 

Conversely  let  {p  (x) }  be  of  D  -type  zero,  then  we  have 

no  o 


y  p  (x)tn  =  A( t) E(xH( t) ) 

L.  i-n 

n=o 


J 


■ 
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by  theorem  4.1.  Applying  D  to  both  sides  of  the  previous  equation 

c 

we  get 


OO  00 

£  Dp  (x)tn  -  H(t)A(t) e (xH(t) )  «  H(t)  l  pn(x)tn, 
n-1  C  n  n=o 


i.e. 


I,  Vo00*”  =  (J.  Vk)(/  Pt(x)tl) 

n=l  k=l  £-=o 


-  I  < 


n=o 


X  Vn-k(x))t 

k=l 


n 


Therefore  we  get 


n 


D  p  (^0 

c  n 


-  I 


k=l 


Vn-kCx)  ’ 


with  h^  ^  0. 

oo 

Clearly  the  sequence  {h^}^  theorem  4.2  and  the  function 

H(t),  the  formal  inverse  to  the  corresponding  t(t);  are  related  by 


The  next  two  theorems  are  generalizations  of  theorems  2.4 


and  2.5  respectively. 


. 


/ 
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Theorem  4.3  A  polynomial  set  iPn(x) )Q  —  —  ^c-tyPe  zero  JJL 
and  only  if  there  exists  function  a(x)  ,  of_  bounded  variation  on 
(0,«>),  having  the  following  properties 

CO  ^ 

(i)  The  moments  y_  =  J  x  da(x)  all  exist , 

n  o 

(ii)  y  #0, 

o 

(iii)  J*  Pn(x)  da(x)  -  6^  . 

Moreover  the  corresponding  determinating  series  A(t)  is 
related  to  the  moments  by 


(4.4)  A(t)  =  {  l  un  1  =  {/  £.(xH(t))da(x)}  1 


n=o 


Proof.  Let  {p  (x) }°°  be  a  polynomial  set  of  D  -type  zero, 
-  n  o  u 

Define  the  y  ’ s  by  (4.4).  Clearly  y  =  ~ >  where 
n 


A(t)  -  l  antn, 

n=o 


It  is  also  clear  that  the  y  are  well  defined.  Now  by  a  theorem 

n 

due  to  Boas  [6  ]  there  is  a  function  a(x)  of  bounded  variation 
on  (0,°°)  such  that 


00 

y  *  [  xnda(x). 
n  J 

o 


nbi 


•  019  s  ,3-  1  3o  j  ■  Ifilmon  ..o  acf  (.;  isJ  \  1  kj:c% 
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Let  {Pn(x)}~ 


belong  to  t (D  ),  i.e. 

o 


T(Dc)pn(x) 


Therefore 


Tlpn(x)  -/ 

\  p  (x) 
*n-r 


if  n  <  r 

if  n  ^  r 


9 


and  (iii)  is  trivially  satisfied  for  n  <  r.  Now  we  consider  the 
case  n  >  r.  In  this  case  we  have 


CO  00  OO 

/  Trp  (x)do(x)  =  /  p  (x)da(x)  =  /  p  (x)da(x) 
o  n  o  n  r  o 


=  n  (say)  for  £  =  0,1,...  . 

X/ 


(l  p£(x)t^)da(x) 


l  V  ’ 

£=0 


i.e. 


A(t)  /  £(xH(t))da(x) 

o 


V 

L 

£=o 


9 


which  gives,  by  (4.4), 


n  =1,  B  0  A,*l,2,..., 

O 


i"  51  (x)1-n‘! 


and  hence  (iii)  is  valid. 


Conversely  let  {p  (x) }  be  a  polynomial  set  such  that  there 

no 

exists  a  function  a(x)  of  bounded  variation  on  (O,00)  such  that 
(i)  ,  (ii)  and  (iii)  are  satisfied,  where  t  =  t (D  )  is  a 
i-operator .  We  shall  show  that  {p^x)}^  ^e^on8s  T  an<^  hence 
is  of  Dc~type  zero.  Let 


{  T  (D  )  >  - 

c 


oo 

Y 

L 

k=o 


A  Vi+k 

Ajl,Jl+k  c  5 


and  let 


p  (x) 
n 


n 

Y 

L 

r=o 


a 

n, 


r 

x  . 
r 


Substituting  for  p^(x) 


and  (t(D^)}^  in  (iii)  we  get 


(4.5) 


n  -  r  n  1  (  V 

1  2,+k^c^  L 

k=o  36 r=o 


a  x  )da(x)  =  6 


n£ 


Clearly  the  case  l  >  n  is  trivial,  hence  we  consider  the  case 
i  <  n.  It  is  evident  that 


{Vjxr  “  [r-j]  ! 


[r] 8  ,  r-j 


for  r  >  j  . 


- 


' 
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The  L.H.S  of  (4.5) 


00  n-A  n  o+k  r 

'l  l  a  A  ,  {D  x  da (x) 
J  ,  L  f  n ,  r  l ,  Ji+k  c 
o  k=o  r=k-rii 


n 

V 


r-£ 

V  A 


L  n ,  r  ,  L  '  l,  £+k  y  c 

r  =  k=o  o 


f  (D  }^+^[xr]da(x) 


n 


n-l 

V 


[r]I 


L  n ,  r  .  Li 

If 

r-l  k=o 

n 

0? 

1 

u 

}  [  r  ]  S  a 

A  n,r 

V 

L 

r=£ 

m=o 

m 


Therefore  (4.4)  reduces  to 


n 

V 


r -l 

V  A 


m 


L  n  ^r-*!an,r  L  a£  ,r-m  [m] 
r=«  m=o 


—  6^  (■?-  ~  0 , 1  j . . , n)  » 

aj  )  XT 


which  is  a  system  of  linear  equations  whose  determinants  of  coefficients 
(say)  A  is  given  by 


n+1 

o 


n 

n 

£=o 


[£]  ! A 


ltlm 


Since  y  A  ^0,  then  A  f  0  and  hence  (4.6)  determines  the 
o  1 1 1 

a  Ts  uniquely,  i.e.  {p  (x)  }°°  which  satisfies  the  conditions  of  the 
n,r  no 

theorem  exists  and  is  unique.  Now  comes  the  final  step  to  show  that 
00 

{pn(x)}Q  belongs  to  t  . 


Clearly  we  have 


(c  .  xg  ai  • 


' 


le,  i  ,  t  • 


svad  -»v.  xv‘  D 
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/  /+1pn+1(x)da(x) 

o 


^n+1,2,+1  ^n,£’ 


and  hence 


/  T£xpn+1(x)da(x) 
o 


6 


n,& 


5 


which  shows  that 


TVl(x)  =  pn(x)- 


The  previous  theorem  was  proved  by  Chak  [ ]  for  the  case 
H(t)  =  t,  i.e.  for  polynomial  set  {p^Cx)}^  satisfying 


DcPn(x)  "  Vl(x)  ' 


He  calls  such  polynomial  sets  "Appell  polynomial  sets  to  the  base 

c  =  {c  They  can  als©  be  called  "generalized  Brenke  polynomials" 

n  o 

°°M 

or  "harmonic  sequences  to  the  base  (c)  =  { cn}Q  • 

Theorem  4.4  A  polynomial  set  ^Pn(x^Q  is  of  Dc~type  zero 
if  and  only  if  there  exists  a  function  3 (x)  of_  bounded  variation 
on  (0 ,°°)  such  that 

OG 

(i)  The  moments  y  -  j  x  d3(x)  all  exist  with  yQ  ?  0, 


o 


“WlV  '  V 


' 

,0  v  14  rf3lw  /  '  (>  ydfc  x  *  4  alnar-.C'.:.:  ; : j 
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(ii)  Pn(x)  =  j  Bn[x+t]de(t) , 

o 


where  {B  (x)  }°°  is  the  corresponding  basic  set. 
-  n  o - 


Proof .  Let  (i)  be  satisfied  and  let  {p^(x)}o  be  defined  hy 

(ii) .  Applying  the  corresponding  t (D  )  to  both  sides  of  (ii)  we 

c 


get 


J (D  )p  (x)  =  p  , (x) , 
c  n  n-1 


since 


J  (D  )  B  (x)  =  B  .  (x)  . 
c  n  n-l 


Conversely  let 


fPn(x))o 


be  of  D  -type  zero  and  have 
c 


function  A(t)?(xH(t))  where 


T (H( t) )  =  H(i(t))  2  t. 


and 


A(t)  =  [  a  t  (a  +  0) . 
L  n  o 

o 


00 

Define  {y  }  by 
n  o 


•  ••  1  •  ifiT  G 


. (0  ^  B> 


i 


(-U-  • 
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y  =  [n] Sa  for  n  *  0,1, . . .  . 
n  n 

Thereof e  by  a  theorem  due  to  Boas  [£  ]  there  exists  a  function 
S(x)  of  bounded  variation  on  (0,°°)  whose  moments  are  the  Um's. 
Let 


q  (x)  *  /  B  [x+t]d£(t) , 
n  *  n 

o 


where 


l  Bn(x)tn  =  fc(xH(t)). 
n=o 


Therefore  we  have 


OO  00 

l  q  (x)en  -  /  £[xH(5)+tH(U]dg(t) 

L  * 

n=o  o 

00 

=  £[xH(0]  /  £[tH(5)]d3(t) 

o 


where  H(t)  is  considered  as  a  single  variable,  i.e. 
£[xH( t) ]  =£(xE(t>).  Hence 


l  qn(x)cn  -  £(xH(t)) 

n=o 


y 

L 

n=o 


(H(U)n 

[n]  ! 


M 


n 


B  II 


3  .  v  -  I-  fiia  a  s.i»  L*  :;i  >c  el  (.)  '  •  , 


o  ... 
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=  A(t)£(xH(S))  » 


which  shows  that 


pn(x)  ■  qn(x) . 


Clearly  the  determinating  series  A(t)  is  related  to  the 
y^'s  of  the  previous  by 


A(t) 


n=o 


Mn 

[n]  ! 


Now  we  introduce  an  analogue  of  the  E-associate  which  we 

shall  call  the  ^-associate .  Using  the  notion  of  E-associate  we 

c  c 

shall  prove  one  more  theorem. 

00 

Let  {p  (x)}  be  a  polynomial  set  and  let 
no 


n 

x 


n 


l  Vk(x) 

k=o 


(a  f  0) 
n 


£(»)  -  l 


n  n 
x  t 


[n]  ! 

n=o 


00 


l 


n 


[n]! 


n 


( l 

k=o 


Vk(x)) 


oo  co  n 

l  pk00(«k  l 

k=o  n=k 


i.e. 


. 
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£(tx)  -  l  pn(x)Mn(x) 
n=o 


where 


M  (x) 
n 


00 


l 

k=n 


(m 


n,n 


i  0). 


The  sequence  of  power  series  {M^Cx)}^  is  called  the  £ -associate  of 
{pn(x)>o  • 

Now  we  give  a  characterization  of  D  -type  zero  polynomials. 

Theorem  4.5  A  polynomial  set  {pn(x)}Q  Dc~tYPe  zero  if 

and  only  if  there  exist  two  formal  power  series 


A(t)  =  l  antn  (aQ  t  0), 
n=o 

(4.7) 

00 

r(t)  =  l  bntn  (b1  t  0), 

n=l 


such  that 


(4.8)  M  (t)  -  (t (t) )n/A(r(t) ) , 

n 


00 

where  (M  (t)}°°  is  the  ^-associate  of_  {p  (x)} 
-  n  o  £_  “  u 


■ 


9  ' 

'  •  -  --  v( 
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00 

Proof.  Let  {p  (x)}  be  a  D  -type  zero  polynomial  set  and 
-  *n  o  c 

suppose  that  {pn(x)}Q  bel°n8s  t0  t(Dc)  *  Let  u  =  T(t)  and 
H(t)  be  the  formal  inverse  to  t(t).  Therefore  we  have 


£  Pn(x)un  =  A(u)£(xH(u))  =  A(u)  £(xt) 
n=o 


l  p  (x){M  (t)A(i(t))}, 
L  n  n 
n=o 


and  hence  (4.7)  holds. 

On  the  other  hand  if  (4.7)  and  (4.8)  hold  then 


(4.9) 


£(xt)  =  l  pn(x)Mn(t) 
n=o 


n=o 


pn(x) 


{T(t)}n 

a(t  ( t) )  ' 


Therefore  (4.9)  becomes 

00 

l  pn(x)un  =  ACu)£(xH(t))  , 
n=o 

i.e.  {p  (x) }°°  is  of  D  -type  zero, 
no  c 

We  now  show  that  the  classes  A-type  zero  and  Dc~type 

zero  are  either  disjoint  or  identical.  Clearly  they  are  identical 

00 

if  cn  is  propertional  to  n.  To  show  that  let  ^Pn(x^0  be  a 
polynomial  set  of  A-type  zero  and  D^type  zero  for  a  fundamental 


59. 


sequence  {c  }  ,  i.e. 
no 


l  pn(x)tn  =  A(t)exp(xH1(t)) , 
n=o 


and 


l  p  (x)tn  =  B(t|£(xH  (t)). 
n  ^ 

n=o 


Therefore  we  have 


A(t)exp(xH1(t))  =  B(t)£(xH2(t)). 


Substituting  x  =  0  in  both  sides  of  the  last  equation  we  get 


A(t)  -  B(t), 


and  therefore 


exp(xH1(t))  ■  £(xH2(t)) 


which  implies 


c 

n 


n  ■  0,1, 


an 


(U  ")A 


M  no.  >1  '  i  •  8  b  8  ;  i  d  r 
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and 


where  o(  is  a  constant, 
differential  operator  D 
zero  are  identical. 


2(t)  =  aH1(t), 


Therefore  D  is  a  constant  multiple  of  the 
c 

and  the  classes  Dc~type  zero  and  A-type 


CHAPTER  V 


THE  CLASS  D  -TYPE  k 
c 


In  this  chapter  we  give  one  characterization  of  D^-type  k 
polynomial  sets  using  the  notion  of  the  E^-associate .  After  giving 
this  characterization  we  shall  study  the  Brenke  type  polynomial 
sets  which  are  also  of  D^-type  k. 

Theorem  5.1  A  polynomial  set  {pn(x)}Q  is  of  Dc-fyPe  k  jJL  a.rll 
only  if  there  are  k  +  1  power  series  W^(x) ,W^(x) , • • • ,W^(x)  suob 
that 

00 

(i)  W.(x)  «  l  as  0x^  for  0  <_  i  £  k, 

1  j-i+1  1,J 

(ii)  Wk(x)  t  0, 


(iii) 

a  ,  +  c  a 
ol  n 

+  ...  -H  c  c  _...c 
12  n  n-1 

.  ,  ,a.  ,  , ,  ^0  for 
n-k+1  k,k+l 

and 

(iv) 

Mn+l(x)  " 

k  £ 

l  W£(X){Dc}  Mn(x) 

for  n  =  0,1,.., 

1  =  0 

where 

{Mn(t)}o 

is  the  E  -associate 
c 

of  lpn00)“. 

Proof.  Let  {p  (x) }°°  be  a  polynomial  of  D  -type  k  which 
-  no  c 

belongs  to  r(x,D  ).  Let 


k 

y 

L 

£"0 


x^W£(t) , 


(5.1) 


i(x,t) 


)  ,  :  •  ■ 


10  ClOl’JSS.  1930 SUfirfO  9 fro  9V-S  3W  393qBfio  !■  'i3  nl 


0-5 


’ 
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0-.V 


62. 


where  the  W  (t)'s  are  k  +  1  power  series  in  t  whose  coefficients 

Xj 

are  independent  of  x.  Clearly  (i)  and  (ii)  are  satisfied. 
Moreover  the  relation 

T(x,Dc)PnOO  ■  Pn-i(x) 

shows  that  (iii)  holds.  Therefore  we  have 

00 

t(x,D  )£(xt)  =  t(x,D  )  l  Pn(x)Mn(t), 

n=o 


i.e. 


(5.2) 


t(x,D  )£(xt)  =  l  P 
c  n=o  n 


On  the  other  hand  we  have 


t(x,D  )£(xt)  -  l  x^W£(Dc)&xt) 

\—o 


i.e. 


t  (x,D  )S(xt) 


W0  (t)x^(xt)  . 

l-o  1 


(5.3) 


! 


-  ■ 


a  '*■ 
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Since 


x*£(xt)  -  (D  „)*£(«)  -  l  p  (x)  (D  )4M  (t), 
c ,  t  u  n  c ,  t  n 

*  n=o 

then  the  required  result  (iv)  follows  by  equating  the  right  hand 
sides  of  (5.2)  and  (5.3). 

Conversely  assume  that  (i) , (ii) , (iii)  and  (iv)  are 
satisfied  and  define  t(x,Dc)  by  (5.1).  Therefore  we  have 


i(x,Dc)£(xt) 


l  {-c  (x,Dc)pn(x)}Mn(t) 
n=o 


i.e. 


oq 

(5.4)  t(x,D  )£(xt)  -  l  {T(x,Dc)prrt.1(x)}Mn+i(t). 

n=o 


and 


t(x,D  )£(xt)  -  l  xV  (Dc)£(xt) 

£=o 

-  0 

=  l  x  W  (t)£(xt) 

1  =  0 

-  I  Vt)(Dc,t/£(xt) 


<*.£) 

. 

• 

o»*>3  (,  a)co  w  l  - 
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i.e. 

00  ^ 

(5.5)  t(x,D  )£.(xt)  -  l  pn(x)  l  Wt(t)(Dc  t)\(t) 

n=o  £*o 

Equating  the  right  hand  sides  of  (5.4)  and  (5.5)  and  using  (iv) 
we  get 

t(x,D  )p  (x)  -  p  ,  (x)  n  =  1,2,... 
c  n  n-x 

i.e.  (p  (x) }°°  belongs  to  t(x,D  )  and  hence  is  of  D  -type  k. 
n  o  c 

We  now  proceed  to  study  D^-type  k  polynomials  which  are  of 
Brenke  type,  i.e.,  polynomials  sets  (yn(x)}  which  have  a  generating 
relation 


(5.6) 


A(t)<p  (xt)  -  l  yn(x)tn 
n-o 


where 


oo  n 


*(u)  “  l  fn  ITT  (fo  *  0  for  311  n)’ 


n=o 


(5.7) 


>-  A(u)  •  l  <a0  *  °>- 

n=o 


c)  brts 


. 


no  i jbIsi 


65. 


We  note  that  (5.7)  can  be  also  written  as 


In  fact 


*<“)  -  l  K  TT 


n 


-tn  n  ^  1 

n=o 


(5.7’) 


A(u) 


00 

V 


u 


n 


L  n  [n] ! 
n=o 


f  =  b 


(n!) 


n  "  “n  [n] !  ’  “n  "  an  [n] ! 


n ! 


Lemma.  A  polynomial  set  ^e^on^s  t0  t^ie  T  °Perator 


(5.8) 


t(x,D  ) 

U 


00 


l  u 

k=l 


.  +x& 

k,o 


k-1. 
,+x  l 


k,k-l 


if  and  only  if 


(5.9) 


i,  —  0  for  k  -  0,1, ... ,j  2 . 


Proof.  Let  {y  (x)}“  belong  to  t(x,D  )  which  is  given  by 
-  n  o  <- 


qn(*) 


n 

_x _  , 

[n]  I  n 


n  —  0,lj...)> 


(5.8).  Let 
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i.e. 


I  qn(x)tn  =  <|>(xt)  . 
n=o 


Clearly  we  have 


Pn(x) 


n  a 
Y  in 

L  [m] !  ^n-m 
m=o 


(x)  n  =  0,1, 


Therefore,  for  k  <  m,  we  have 


(5.10) 


DcPn(x) 


n-m  a  n-k-m 

V  _JL-  b  _* _ 

L  [m] !  n-m  [n-k-m] ! 
m=o 


Define  01,02,...,  recursively  by 


b.  0  0 , 0  0  ■ 
k  o  1  2 


.0 


k-1 


1  (k  -  1,2,...  )  . 


Clearly  0^  ^  0  (k  =  0,1,...)  since  b^  ^  0  (k  0,1,...). 

t  00 

Define  a  sequence  {&  as 

n,n-l  1 


(5.11) 


0 

n 


n0~  1  r  i  9 

V  [n]  • 

[n+l-k]  *. 


o 

k,k-l 


n  —  0,1,... 


Now  by  (5.10)  we  have 


. 


. 


/ 
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oo 

I  \  u-ixk'1tDJk[pJx>] 

c=l  ’ 


c  n 


n  .  .  n-k  a  n-m-k 

p  k-1  p  m  ,  _x _ 

^k,k-lX  [m] !  n-m  [n-k-m] ! 


m=o 


i .  e . 


oo  .  ,  .  n-1  n-m-1  n-m  £.  ,  , 

,,  p  .  k-l„k  ,  „  p  x  ,  r  k,k-l 

(5.12)  )  JL  .  -X  Dp  (x)  =  )  a  — p — r—  b  )  y- - ryy  . 

'  ,L.  k,k-l  c*n  L  m  [m]  !  n-m  .L.  [n-m-k]! 

k=l  m=o  k=l 


Since  0.  =  - -  ,  we  get  for  n  >  m  +  1 


k  b 


k+1 


n-m 


e 


yu  ^k,k-l  _  vn-m-l _ n-m-1 

.  ^  [n-m-k] !  [n-m-1] !  b  [n-m-1] ! 

k=l  n-m 


substituting  in  (5.12)  we  get 


n 


k-1  k 


7  JL  ,  ,x  D  p  (x)  -  p  .  (x)  , 
k,k-l  crn  n-1 


which  shows  that  (5.9)  is  valid. 


Conversely  let  {p  (x) }  belong  to  (5.8)  such  that  (5.9) 

no 


holds,  i.e. 


00 


l  * 


k-1 


k,k-l 


x^  ^D^p  (x)  =  p  , (x)  n-1, 

c  n  n-1 


y 


(5.13) 


tii 


) 


J.-fT.-  " 


' 


. 


■ 


.eblori 


7 


. 
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Since  the  coefficient  of  xn  b  in  the  left  hand  side  of  (5.12)  must 
be  nonzero,  then 


c  +  c  c  -£0,  + 
n  10  n  n-1  21 


+  c, c„ . . . c  £  .  #0 

12  n  n,n-l 


i.e.  if  we  define  by  (5.11)  then  6^  ^  0  for  all  k.  We 

now  can  define  a  sequence  bQ,b^, . . . jb^, . . .  by 

ho  =  1’  bk+l  =  V°k  (k  *  0,1,2,...) 


Let 


x 


n 


q  (x)  =  b  n  -  0 , 1 , .  .  .  . 

Hn  [xj  !  n 


Clearly  {q  (x)}  is  of  Brenke  type  since 


n=o 


00  b 

I  qn(*)tn  -  I  T^TT  <xt>n  =  <t'(xt)  ’  (s 


ay) 


Moreover 


l.  \,k-lxk’lDcqn(x)  *  J.  , k— lxk_ lbn  T^kf! 

C=1  K-l 


(  I  C  y  \(  ' 


- 


. 


TR^f  a'  1  s 

■ 


I 


> 
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n-1 

=  x 


b 


n 

[n-1] ! 


ln-l 


(x) , 


i.e.,  {p  (x)}  and  {q  (x) }  belong  to  the  same  t 
no  no 


and  hence 


l  P  (x) tn  ■  A(t)b(xt) . 
*-  n 
o 


As  a  direct  consequence  of  this  lemma  we  get 

CO 

Theorem  5.2  A  polynomial  set  {y„(x)}_  is  of  D.-type  k 

.  1  '■■■■■  -  HO  C 

and  only  if  there  exist  k  +  1  constants  y  ,y  >  •  •  •  >y^.>  with 
y  ^  0,  such  that  if  the  6's  are  defined  by 

(5.14)  b60,.,.e  1  =  1  n  =  1,2, . . . 

n  o  1  n-1 


then  6  =  y  ,  and 

-  o  o  - 


(5.15) 


0 

n 


n 

l 

r=o 


[n]  I 

[n-r] ! 


(n  —  1,2, ... , k). 


Now  we  introduce  the  following  notation 


[a] Q  =  1,  [a] n  =  a(a+c1)  . . . 


if 


(a-i-C  )  (n=  1,2,...) 

n-1 


—  —  o  n 


«1  -  n 


0 
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As  we  have  mentioned  in  Chapter  2,  Huff  and  Rainville  [8^] 
showed  that  a  Brenke  type  polynomial  set  is  of  A-type  k  if  and  only 
if  4>  (xt)  of  equation  (5.4)  is 


$  (xt) 


00 

L 

n=o 


(jxt) 


n 


n!(31)n...(ek)n 


5 


where  a  +  are  constants. 

We  shall  study  now  the  Dc  analogue  of  the  previous  result  if  we 

replace  n! ,  (8.)  by  [n] !  and  [8.1  respectively. 

j  n  J  n 

Theorem  5.3  If  the  fundamental  sequence  {c^}^  is  normal 
then  a  polynomial  set  {p  (x)}g  satisfying 


£  Pn(x)tn  =  A(t) 
n=o 


V  _ 

Ln  [n] 
n=o 


(axt) 


n 


is  of  D  -type  k. 

Proof.  Let 


0 

s 


k 

n  (6,+c  ) 
J-i  J 


s  0  j  1  j  •  •  •  • 


Define  y f s  recursively  by 


£  •  -  '  .  . 


> 


' 

.  \ 


/ 
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q  _  V  Is.  3  • v  s  -  I  o  k 

as  '  >0  [s-j] !  Yj  s  1,2 . k- 


We  claim  that 


(5.16)  Yi  -  l  [s]![i-s]!  6s  ^  “  0,1, ... ,k 


s=o 


The  right  hand  side  of  (5.16)  is  given  by 


1  r_ni_s 

cL_n  [s]  !  [i-s]  !  s 
s=o 


V  (-1)1  S 


(y  tsli  j 

s^o  [s] !  [i-s]  !  1  |;0  [s-j]!  V 


i  Y. 


-  V  — 1_  l  1VK-1) 


1  j  r1  $  1  f-1  ^ 


L  L  £ 

£=o 


But 


I 


£=o 


[i4d](-l)’t  -  0, 


since  {c  }  is  a  normal  sequence.  Therefore  the  right  hand  side 
n  o 

of  (5.16)  equals  y^. 


Let 


. 

lii 


. .  {  elBt/ps  (dl^O  io 


' 
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n  n 
a  x 


qn(x)  ■  M!U1]n...tek]n  • 


Clearly  {q  (x) }°°  and  {p  (x) }°°  belong  to  the  same  T-operator, 
no  no 

00 

we  claim  that  {q  (x) }  belongs  to 

nn  o 


t (x,D  )  = 


k  .  .  . 
T  Y.xV+1 

ji0  J  c 


For  n  >  1  we  have 


y  y ,x^D^+1q  (x) 


n  n-  s 
y .  x 


J=o 


J  c  *n 


1-0 


“  Viw  “k 


k  Yj[n-1] 

l  f  n  —  -i  — " 


Z  [n-j-l] 
n  (3,+c  )  J  ° 

j=i  j  n_1 


-  vi(x) 


OO  oo 

Therefore  {q  (x)  }  ,  and  hence  ip  (x)}  ,  is  of  D,-type  k. 
n  o  n  o  u 

Now  we  give  an  example  to  show  that  the  previous  theorem 

oc 

is  false  if  the  fundamental  sequence  {c^}q  not  normal' 

2 

Example.  Let  8,  -  8„  *  1,  c_  -  n  and  p_(x)  =  1 
- c -  1  2  n  o 


x 


n 


P  (^)  992  22 

n  (n! ){(!+!) (1+2  )...(l+(n-l)  } 


n  “*  i  5  2  j  •  •  *  • 


Now 


I  ■ 


(.  C,x  . 


i  v  •-  :  t-r*.  ■  to' 


’ 


/ 
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Clearly 


o© 


P  (x)t 


00  n  n 

n  ^  x  t 


o 


n 


L  [n] ! { [ 1]  }n  * 

n=o  n 


OO 

Let  |pn(x)}  belong  to  t(x,D  ),  i.e. 


I  T  (x)D^+1pn(x)  =  p^x) 


k=o 


Therefore 


n 


(T1(x)D  +T0(x)D2+...)  =  {l+(n-l)2}2xn  1 

1  c  2  c  2 

n 


n  =  1,2 


which  gives 


T  (x)  «  1,  T  (x)  =  3x , 
o  1 

2  3 

T2(x)  =  3x  ,  T3 (x)  =  -x  . 

00 

Therefore  {p  (x) }  is  of  D  -type  k  where  k  >  3. 

rn  o  c  — 

00 

Theorem  5.4  If  c  ^  c  for  m  ?  n  and  {y„(x)}_  is  of 
-  —  n  m  -  -  n  o - 

D^-type  k,  then  there  exist  k  parameters  and  a  nonzero 

constant  0  such  that 


■ 

' 


/ 
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n 


Proof .  Define  •  •  •  »Sk  by 

k  ,  . 

(5.17)  y,  l  £.c  J=0  s  =  1,2, ... ,k,  (with  £  =  1) , 

j=o  J  S 

where  the  Y*®  and  0's  are  those  of  Theorem  5.2.  The  £  s  are 

well  defined  since  the  determinant  of  the  system  (5.17)  is  nonvanishing. 

Let  61,e2,...,3k  be  the  k  roots  of 

zk  -  +  ...  +  (-Dk5k  *  0 


i .  e . 


Y  n  (0  ,+c  )  —  0  s  —  1, 2 , . . . ,k. 
'k  j  s  s 


Therefore 


b 

n 


(f  >n  / 

Yk  j 


tBjV 


i.e.  a 


and  the  result  follows. 


' 


»  .  * 


j 
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We  end  this  chapter  by  giving  an  example  to  show  that  the 

condition  c  j4  c  for  m  ^  n  can  not  be  omitted.  To  see  that  let 
n  m 


c  -  1  n  j4  0  and  c  ■  0, 
n  o 


P0W 


i, 


p^x)  =  x 


/  n  x  ,  .  9  ,x*n 

p2(x)  =  ~y  ,  pn(x)  “  2  (3) 


n  =  3,4, . . 


Clearly  {pn(x)}Q  satisfies 


{D  +xD2+x2D3}p  (x)  =  p  ,  (x) , 
c  c  c  n  n-i 


i.e.  {p  (x)}  is  of  D  -type  2  where 
no  c 


_  n  n-1 
D  x  »x 
c 


Now  let  us  assume  the  contrary,  i.e. 


I  p  (x)tn  -  A(t)  l  ]  • 

n-o  n=o  In  1  n 


n 


In  other  words 


2  2  3  3 

.  .  .  .  x  t  ,  x  t 

1  +  xt  +  — ■*—  +  —7 —  + 


a  xt 


2  2  2 
a  x  t 


A(t){li'  6132  +  31(el+l)B2(62+l) 


2 


6 


*  •  • 


I 


- 
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3  3  3 
a  x  t 


31(61+1)262(32+1)2 


+  . . . } 


Therefore 


(i)  A(t)  =  1, 


(ii) 


eiS2 


1, 


(iii) 


81(el+l)B2(32+l)  2  » 


(iv) 


31(61+1)262(32+1)2 


1 

6 


From  (ii)  and  (iii)  we  get 


q  _  1 

(61+1)(62+1)  "  2  ’ 


while  from  (iii)  and  (iv)  we  get 

o  1 

(6^+1) (8 2+l)  °  6  * 


which  is  a  contradiction. 


I 


■ 


/ 


.•I  j 

, 


CHAPTER  VI 


MISCELLANEOUS  RESULTS 

In  this  chapter  we  shall  study  the  consequences  of  the 
identities  (3.6)  and  (4.3)  for  several  polynomial  sets.  At  first 
we  give  a  characterization  of  polynomial  sets  having  generating 
functions  of  the  form  studied  by  Boas  and  Buck  [ ^ ] •  They  studied 
polynomial  sets  (pn(x)}Q  8enerated  by  A( t) f  (xH(t) )  ,  i.e. 


(6.1) 

00 

l  Pn(x)tn  -  A(t)f (xH(t) )  , 
n=o 

where 


(6.2) 

00 

A(t)  -  l  antn  , 
n=o 

(6.3) 

H(t)  =  l  hntn  , 
n=l 

(6.4) 

f (u)  =  l  fnuU  • 

n=o 

They  proved  that  the  polynomials  pQ(x) ,p^(x) , . . .  defined  by  (6.1) 


][  \  '35  5.  '  I  .  I  T:  ■"  :  ■  3  'X,,  >W 

8 13  i.-.i  .  oq 


(I.d)  ^d  fas i:  ..ab  . . .  ,  (x)  q«(x)  q  aXaimonyCoq  sri3  3fed3  bovoiq  yerfT 
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form  a  polynomial  set  if  and  only  if 

(6.5)  a  h.f  #0  (n  =  0,1,2,...) . 

o  1  n  ' 


There  is  no  loss  of  generality  to  assume  fQ  -  1.  We  shall  associate 

with  every  polynomial  set  {pn(x)}Q  satisfying  (6.1) -(6. 5)  a 

» 

oo 

fundamental  sequence  (c  }  defined  as  follows 

n  0 


c 

o 


0, 


n+1 


(n  0,1,...). 


Let  D  be  the  D  operator  associated  with  the  fundamental 
c  c 

00 

sequence  (c  }  .  Clearly 

no 


f  (xH(  t)  )  -£(xH(t)), 


i  e.  (p  (x)}“  is  of  D  -type  zero  and  belongs  to  t (D  )  where 
rn  o  c  c 

t(t)  is  the  formal  inverse  to  H(t) .  Therefore  all  characterization 

of  D  -type  zero  polynomials  are  characterizations  of  polynomial  sets 
c 

having  Boas  and  Buck  type  generating  functions. 

I .  Laguerre  polynomials .  The  Laguerre  polynomials 

{L (x) }°°  have  the  generating  function  (Rainville  [If],  p.  203) 
n  o 


00 


l 


(c) 


n 


(1+a) 


L(a) 


(x)tn 


- -  F1 (c;l+a; 

(l-t)Z 


-xt 

1-t 


). 


>T0.  >'•  o-jr  :J  .1 


I+n' 


J  tn=  -  brral  rtely  fc;  3£i1do«  a&  3oi  i:  j 

i  o}  9  3H!  Up98 


a  eb  ai-fflonvlo 


(o) 
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We  shall  consider  the  case  c  >1.  Let 


c 

n 


(cH-n)n 
c  +  n-1 


(n 


1,2, 


) 


Pn« 


(c) 


L^(X) 


n 


(1+a) 


n 


Clearly  {p  (x) }“  is  of  D  -type  zero  with 
no  c 


D  x 
c 


n 


(cH-n)n  n-1 
c  +  n-1  X 


In  this  case 


H(t) 


-  t 

1-t  ’ 


i.e.  h  =  -1  for  n  -  1,2, . . .  . 
n 

For  any  polynomial  f(x)  we  have 


D  f (x)  =  f'(x)  +  ~) f (x) 

c  x 


(1-c) (1+a-c)  fX 

c  J 

X  o 


tc  2f(t)dt  . 


Therefore  (4.3)  gives 


. 


.  .  Yc,  A'N 


/ 


(C.^)  a^roissarfT 


80. 


{-f  L(o)(x)  +  L<«)(x)  +  (l-OCl-ta-e).  fX 

(l+a)n  dx  n  x  n  xC  Q 


tC_2L(a)(t)dt} 

n 


n-1 

y 

L 

k=o 


(x) 


( 


a+n 

n-k 


) 


,c+n-l 

c-k 


) 


y 


which  reduces  to 


x 


(6.6)  /  t3  1L(a)(t)dt 

*  n 

o 


—  L(a>  (Bi  +  xB+1  —  L(a)  (x) 
B  Ln  (B)  +  B(a-B)  dx  Ln  W 


I  *B  ”v  L(«)(X)  <n-k) 

+B(a-6)  ki0Lk  <*> 


Vk; 


where  c  =  3  +  1  i.e.  3  >  0 . 
Since 


fl(,)(x)=-  l  L'“'(x). 
dx  n  k=o 


n-1 


(a) 


(Rainvelle  [I g  ]  ,  p.  202)  then  (6.6)  reduces  to 


x 


(6.7) 


f  e-iT  (a) 


L'"' (t)dt 
n 


—  L(a)(x)  +  xg+-— 

6  n  W  +  3(a-3) 


n-1 

I 


{ 


n+a 

Vk' 


1  /n+6\ 

k=°  W 


-l}L^a) (x) . 


X 


I  X 


QDrtlZ 
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00 

II  Legendre  polynomials.  The  Legendre  polynomials  ipn(x))o 
have  the  generating  function 


l  Pn(x)tn  =  (l-2xt+t2)  15 
n=o 


2  —^5 

(1+0  * 


n=o 


(«n 

n! 


.2  xt 
2 

1+t 


n 


The  associated  Dc~operator  is 


D  x 
c 


n 


n  n-1 
n-h  X 


5 


i  .e. 


D  f  (x)  =  £(X)  £-(°-  +  — 

c  X 


t-3/2[f(t)-f(0)]dt. 


2/x 


for  any  polynomial  f(x). 
In  this  case 


H  ( t) 


2t 


1+t 


=  2  1  (-Dnt2n+1, 


n=o 


i.e. 


i 


■ 
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h2n+l 


2 (—1) n  . 


Therefore  (A. 3)  gives 


pn(x)-p^(0) 


x 


- - +  —  /  t  J/Z[p  (t)-p(0)]dt 

2^  o 


=  2 


I 

k-1 


(-1>k'\+l-2k<X> 


and  hence 


x 


(6.8)  /  t  3/2[pn(t)-pn(0)] 

o 


& 


{p  (x)-p  (0)}  +  4/x  l  (-l)k  1Pn+i_2k^X-) 
n  n 


In  particular  we  have 


00  n 

(  2( — -1)  n  -  4£  £  =  0,1,... 

n ! 


/  t  3/2{pn(t)-pn(0)}dt  =  < 


00 


2(- 


n/2 


n! 


V  -2 


n  =  4£+l,  £  =  0,1,... 


-1)  n  -  4£+2 ,  £  =  0,1, . . . 


n  =  4£+3 ,  £  =  0,1,.. 


XU  Gegenbauer  polynomials .  The  Gegenbauer  polynomials 
{c(v> (X)}“  have  the  generating  function  (Rainville  [IS  ]  ,  p.  277) 


/ 
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I  c^v)(x)tn  -  (l-2xt+t2)  V  . 


We  shall  consider  only  the  case  v  >  0.  The  case  v  =  1  corresponds 

to  the  Tchebicheff  polynomials  of  the  second  kind  which  will  be 

considered  as  a  separate  case.  Thus  we  shall  assume  v  1. 

Clearly  (c^(x)}*  is  Dc-tyPe  zero  with  respect  to  the  fundamental 

sequence  { — ■■  —7}  ,  since 
^  v+n-1  o 


n=o 


(v), 

c  (x)t 
n 


00 

(^>v(  1 


i+t 


n-o 


(v) 

n! 


n  ,  2t  sn  n, 

-  ( - 9 )  x  }  . 

1+t 


Therefore  the  corresponding  H(t)  and  t (D  )  are  given  by 


H(C) 


t(Dc) 


na 


In  fact 


D  f(x) 
c 


f (x)-f (0).  +  liv  Jx  tv“2[f (t)-f(0)]dt  , 

X  V  ; 

X  o 


for  any  polynomial  f(x).  Therefore  (4.3)  gives 


.  ''"(W-D  -  a*wMa*  I 


v  j  ■tavx  ate  (  Q)  r  be*  (3  )H  gnibnog^iioo  a.. 


(.  - 


<J„  •  “a-  , 

I*(T 


j  .  •■  n  - 


/ 
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c(v)(x)-c(v)(0)  .  x  ,  s.  ,  v 

(6.9)  _n - _n - +^j  tv-2[c<v\t)-c<v)  (0)  ]dt 


x 


V 

X  o 


i.e. 


[^i 

=  2  l  (-l)k  „,_(x)  , 


k-1 


n+l-2k 


x 

(6.10)  / 


c(v)(t)-c^v)(0) 

- 5 - )dt 


V 

X 

v-1 


cnV)(x)-cnV)<0) 

X 


+  2 


t^i 

i  (-Dkc(y?,.(x) 


k-1 


'nHL-2k ' 


Clearly  the  case  v  =  reduces  to  the  case  of  Legendre  polynomials. 

IV  The  Tchebichef f  polynomials .  The  Tchebicheff  polynomials 

°o 

of  the  second  kind  {t  (x)V  are  Gegenbauer  polynomials  with  v  -  1. 

c  n  Jo 

The  previous  argument  will  be  valid  till  we  arrive  to  (6.9)  with 
v-1,  i.e. 


T  (x) 
n 


T  (0)  +  2x 
n 


2 

l 

k=o 


(-l)kT 


n-k-1 


(x)  . 


In  this  case  we  have 


V0) 


0 


n  odd 

n  even 


J 


I 


(01. d) 


a.i  xcrrOfi'.'  I  r.  ixsrl x?±cf 3r, oT  sr. 

- 

,9.1-  ,1  »  V 


■ 

•  <  „r  a  )  j  x.;  -  (0)  ;  - 


IVJBfi  iW  91*3.9  P.ltil  nl 


jo  r 


XT9V9  « 


(0)flT 


and  hence 


(6.11) 


f  T2n+l(x)  *  2x  j  (-1)kl2n-k(x) 

k=o 

< 

T2n(x)  '  (-1)D  +  2x  j'  (-1)kT2n-k- 
v  k=o 


V  Humbert  polynomials .  The  Humbert  polynomials 
have  the  generating  function  (Rainville  [l$],  p.  146), 


(l-3xt+t3)  V  -  l  hn(x)tn  . 

n=o 


Clearly 


(l-3xt+t3)  v 


(1+t3)  U 


I 


n=o 


(v) 

n! 


n  ,  3t  Nn  n 
-  ( - t)  x  , 

1+t 


therefore  the  associated  D  operator  is 

o 


D  x 
c 


n 


n  n-1 
n+v-1  X 


n 


0,1, .. . 


In  this  case 


H(t) 


-^3  =  3  1  (-l)Vk+1, 

1+t"3  k=o 


(x) 


{hn(x)> 


'  •W  ao  " 


o*  i 
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and  (4.3)  gives 


h  (x)-h  (0)  ..  x  0 

(6.12)  — - ^-2 - +  1=2-1  tv  2{hn(t)-hn(0))dt 


V 

X  o 


[^] 

3  l  h_^0  ou(x) 


k-1 


n+2-3k 


(v  >  0), 


since  for  v  >  0 


D  f (X)  -  +  1=2  /  t"-1  {f(O-f(0).}dt) 

c  x  V  J  t 

X  o 


for  any  polynomial  f(x). 


VI  Bateman*  s  polynomials  z  (x) .  The  Bateman's  polynomials 

{z  (x) }  have  the  generating  function  (Rainville  [  1$  ]  »  P*  285), 
no 


n  1  „  ,l.n .  -4xt 


l  zn(x)t  “  x_t  iFi<2;1;/1  .2) 


n=o 


u-t) 


Therefore  {z  (x))  is  of  D  type  zero  where 
no  c 


_  n  n  n-1  n  . 

D  x  =  — r  x  n  =  0 , 1, . 
c  n-^s 


In  fact 


v  lot  aonla 


' 


« [  noli  <noi  vn.  j/.,::-:  iisj.  srii  avtii 


* 


I 
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Dcf  (x)  -  Df(x)  +  f(X)2xf(-°-)-  + 


X 


4^ 


In  this  case 


H(t) 


-  4t 


(1-t) 


-4 


00 

l  ktk, 

k=l 


and  (4.3)  gives 


Dz  (x)  + 
n 


z  (x)-z  (0) 
n _ n 

2x 


z  (t)-z  (0) 
n _ n 

2t 


dt 


n 

=  -4  l  kz 
k=l 


n-k 


(x) 


■  -  h  (x)ia  «  (x) :  a 


CHAPTER  VII 


ORTHOGONALITY  OF  CERTAIN  POLYNOMIAL  SETS 


In  this  chapter  we  characterize  orthogonal  polynomial  sets 
{  Pn(x)}°^  which  are  generated  by 


(7.1) 


w? 

I 

L 


Pn(x)t 


n 


=  A(t) 


^(xH(t)  )  , 


where 


(7.2) 


V 

L 


\n 

w  (1-q) 


\  (w)  -  1  +  L  2  nN 

q  n-f  (l-q)(l-qZ)...d-q  ) 


(7.3) 


A(t) 


00 

Y 

L 

n=o 


a  t 
n 


n 


a  ^  0  j 
o 


(7.4) 


H(t) 


V  h  tn  h-  +  0. 

L ,  n  1 


In  otherwords  we  characterize  orthogonal  polynomials  {  Pn(x)}  Q 

which  are  of  D  -type  zero  with 
c 


.  .  *  ■£ 


0  xd 


3  rf 


CO  - 


(A.t) 
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We  shall  denote  D  by  D  in  this  case.  Clearly 

c  q 


D  f(x) 


f (qx)-f (x) 
(q-l)x 


for  any  polynomial  f  (x)  .  Meixner ’ s  polynomials  will  be  included  as  a 
special  case  since  as  q  tends  to  1  the  function  £  (w)  tends  to 
the  exponential  function  e(w) . 

There  is  no  loss  of  generality  to  assume  that  a  -  h^  -  1. 

Let  a  be  the  coefficient  of  x11  in  p  (x) .  It  follows  easily  from 
n  n 

(7.1)  that 


a  *  1,  a 
o  n 


(l-q)n 

(l-q)(l-q2)...U-qn) 


n 


1,2, .  .  . 


It  is  also  well  known  that 


(7.5) 


D  (f(x)g(x))  «  f(qx)D  f(x)  +  g(x)D  f(x) 

q  q  q 


By  (4.3)  we  have 


n 


(7.6) 


Vn<x)  "  Vn-k(x)' 

M  k*l 


Moreover  a  polynomial  set  {pn(x))o  Is  orthogonal  if  and  only  if 


.  (,  V  e  .:j:  i  <:  i  jr .-^lo  ,.o  .erf 3 


sc  jI  .  (fc)  f  rt.r  1  3  *..•  .  .  isc;,  £>i  .  ei  ,  o  3&J 


■ 
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there  are  B  and  C  such  that 
n  n 


(7.7) 


1 

an+l 


pn+i(x)  =  (*-Bn) 


Pn(x) 


a 

n 


C 

n 


a 


n-1 


pn-l(x)  (n 


and 


C  ^  0  . 
n 


In  fact  >  0  if  we  require  orthogonality  in  the  classical  sense. 
Now  substituting  for  in  (7.7)  we  get 


(7. 7’) 


■lz£L 


n+1 


1-q 


")P 


n+1 


(x)  =  (x-B  )p  (x)  -  C  (-^%)pn_1(x). 

1-q 


Applying 


D  to  both  sides  of 

q 


(7.7')  we  get 


n+1 


1-q 


n+1 

I  Vn+l-k(x)  =  qxVn(x)  +  pn(x) 

k=l 


n 

Bn  J,  hkVk(x) 

k=l 


hkPn-l-k 


(x)  . 


Simplifying  we  gee 


^I-n^n  :  TV  '  (X)nq(r,a"x)  *  (X)I-n"(  j^T*  .  | 


. 
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(7.8)  ( 


n+1  n+1 

^ - >  l  Vn+l-k(x) 


n 


q  l,  hk[Bn-kVk(x)+(1=l^ - )pn-k+l 

k=l 


n-k+1 


1-q 


k=l 


+  Cn-k(7=^k)pn-k-l(x)1  +  pn(x)  '  Bn  J  Vn-k 
1-q  k-1 


(x) 


-  <7^)Cn  J,  Vn-k-l(x)  • 

1-q  k=l 


The  coefficients  of  p^(x)  in  both  sides  of  (7.8)  are  identical. 
Equating  coefficients  of  p^_^(x)  sides  we  8et 


(7.9) 


B  -  qB  -  »  -h?(l+qn), 
n  n-x  c 


whose  solution  is 


(7.10) 


# 


B 

n 


1-q 


nh 


Equating  coefficients  of  p  _9(x)  in  both  sides  of  (7.8)  we  get 

in  z 


(7.11)  (-^)C  -  q(-Htl)Cn-l  =  h2  ‘  h3  +  <h2b(1_q)+3h2‘(1+q)h3,qn  1 

1-q  1-q 


2  n-1 

-  nh2(l-q)q 


whose  solution  is 


'O  ;  ■  ;  i  2  -10  S/fT 


ex  noliuloa  9aoriw 


/ 
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92. 


(7.12)  (-^-)C  =  Cqn  +  (hi?-h_)  C^-3-)  +  n{h9b(l-q)+3h5-(l+q)h  }q 

,  n  n  Z  3  l-q  z  z  j 

i-q 


n-1 


n(n-t-l) 

2 


n-1..  s,  2 
q  (l-q)h2  . 


Clearly  as  q  -*  1  w'e  get 


B  =  b  -  2nh0 
n  2 

C  38  n{C+(4h^-3h„)n} 
n  z  J 


which  corresponds  to  Meixner's  polynomials. 

Now  we  go  back  to  (7.8)  and  equate  coefficients  of  Pn_k_i(x) 
in  both  sides  to  get 


1  n+l‘  n-k-1 

(7.13)  hk+2((^?5-)-q(i=a-r- )]  + 


+  =  0 
i-q  i~q 


If  q  -*■  1  then  (7.13)  becomes 

(7.14)  (k+2)hk+2  -  2h2(k+l)hk+1  +  (4h2-3h3)khk  =  0 


which  is  identical  with  equation  (4.7),  Sheffer  [2o\  page  612  with 


* 

»)  -  i  «) 


biw  Sid  ag.  q  foC]  3a:jj‘>f{8  a(  Ja  rb.j  Xaoiafiaai:  a±  rfaJtriw 


/ 
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his  a  =  1,  since  =  1,  and  his  q^+^  ^  replaced  by  (k+l)h^+^. 
Therefore  in  this  case  we  have  the  four  cases  of  Meixner's  polynomials. 

Now  we  proceed  to  study  the  case  q  ^  1  and  q  does  not 
approach  1.  Writing  (n-t-1)  for  n  in  (7.13)  subtracting  q  times 
(7.13)  from  the  resulting  equation  and  using  (7.9)-(7.12)  we  get 

(7.15)  (l-q)hk+2  -  h2hk+1(l+qR+1-q-qn'k)  +  h^O^-hjXl-q)  +  (h2b(l-q)+3h 

-(l+q)h3Kqn-qn'k+1)  -  (n+1) (l-q)h2(qn-qn'k+1) 

-  k(l-q)h2qn~k+1]  -  0  . 


Writing  n  +  1  for  n  in  (7.15)  and  subtracting  (7.15)  from 
the  resulting  equation  we  get 


-h2hk+i[qn+1(q-1)-qn  k(q-l)l  +  hk[(h2b(l-q)+3h2-(l+q)h3Hqn(q-l)-qn  k+1(q- 


-  (n+l)(l-q)h^qn(q-l)-qn_k+1(q-l)>  +  k(l-q)  2h^qn_k+1 


n+1  n-k+1 .  ,  _  n 

-  (l-q)h2(q  -q  )]  =  0  . 


Now  we  consider  the  case  q  ^  0  .  The  case  q  *  0  will  be  considered 
separately.  Dividing  by  (l-q)q11  we  get 


1)} 


(cl.^)  n±  n 


- 


>-  )(  - 


y/- 
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(7.16)  h^h^j^tq-  +  hk[lh2b(l-q)+3h^-(l+q)h^H-^r  -l}+k(l-q)h2 


‘2“k+lLV1  k 

q 


3  L  k 
q 


2  k 

q 


-qh^{  1-  -%}+(n+l)h^{  1 - %}  ]  =  0, 


2L  ~  k 

q 


2l~  k 

q 


therefore 


h.  •=  0  for  k  »  2,3,...  . 
k  2 

If  h2  *  0,  then  (7.16)  gives  h3  =  0.  Substituting  k  =  3,4,... 
in  (7.15)  we  get  h^  =  h^  *  ...  =0. 

Clearly  h  -  0  for  k  =  2,3,...  gives  the  same  result, 
k 

Therefore  if  q  f  1  then  H(t)  =  t  and  the  Bn's  and  Cn’s 
will  be  given  by 

(7.10’) 

(7.12’) 

Now  we  proceed  to  determine  the  determinating  series  A(t) 
q(l-q)  f  0 .  In  this  case  (7.7’)  becomes 


B  ®bq  n  =  0, 1, . . . 
n 


(  1  ^)C  -  CqU  n  =  0,1,2,..,.  (C  f  0) 

.  n  n 
i-q 


.  n+l 


(x-bqn)pn(x)  -  Cqnpn_1(x). 


for  the  case 


j 


t  * 

■ 


■!  '•  '•  *  f  -  !  •  -  •  .  O 


/ 
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Multiplying  both  sides  by 


n+1 


and  adding  for 


n 


0,1, ,  we  get 


(A(t)  £(xt)-A(qt)£  (qxt)}  =  xtA(t)  £(xt)  -  btA(qt)  £q(qxt) 


-  Cqt2A(qt)  £ (qxt) . 


Using  the  identity 


£q(qw)  =  (l-(l-q)w}£q(w) j 


we  get 

(7.17)  A(t)  =  A(qt) { 1-b (1-q) t-Cq(l-q) t2} . 

Let 


1  -  b(l-q)z 


Cq(l-q) 


2 

z 


(1-az) (l-$z) , 


then  (7.17)  takes  the  form 


A(t)  ■  A(qt){ (1-at) ( 1— 3 t) } 


whose  solution  is 


\ 


' 


ai  :.i  aaoriw 
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A(t)  «  { 


£  (T%  £  ( 

q  1-q  q 


t 

1-q 


Therefore  {p  (x)}°°  is  essentially  the  set  (U^(x)}  studied  by 
no  n 

Al-Salam  and  Carlitz  [ X  ]  . 

Summarizing,  we  have 

Theorem  7.1  The  only  orthogonal  polynomials  generated  bv  (7.1) 


with 


q(l-q)  0  , 


(a)  OO 

are  the  polynomials  {IT'(x)}  up  to  a  constant  multiple  of.  x. 

Now  we  consider  the  case  q  =  0  i.e.  c  *  1  .  In  this  case 

n 

(7.10),  (7.12)  and  (7.15)  become 


(7. 18) 


B  *  -h0  , 
n  2 


(7.19) 


Cn  =  h2  h3  * 


and 


k+2 


"  h2hk+l 


+  (h2  h3)hk 


0  (k  *  1,2, . . .)  , 


(7.20) 


•X'  :CRV  'r  '  <,  A 

U)  39ft  9ri3  >£llB.C3fl923  Jt  C 


*  fla 


(0£.T) 
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respectively. 

For  orthogonality  in  the  classical  sense  we  must  have, 


while 


> 


implies  orthogonality  in  the  formal  sense. 

Let  A  and  B  be  the  two  roots  of  the  quadratic 


(7.21) 


2 

m 


h^m  + 


-  0, 


therefore 


(7.22) 


aAn  2  +  |3Bn  2  if  A  +  B 

h  “  \  (n  =  2 , 3 ,  .  .  .  J 

n  ' 

(a+6n)An_2  if  A  =  B  , 


where  a  and  3  are  arbitary  function  of  n  of  period  1  . 

It  is  clear  that  A  j*  0  and  B  +  0.  Moreover  orthogonality  in  the 
classical  sense  occurs  if  and  only  if  A  and  B  have  the  same  sign. 
This  case  will  be  divided  into  two  subcases  according  as  A  ■  B  or 


1'  '  ••  -V  • 

rri  +  nr^rf  - 

■ 

l  A  !.■  sXo  &J  :: 
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A  j  B. 


Case  I. 

A  ?  B,  Equation  (7.21)  gives 

h2  -  A  +  B,  -  h3  -  AB, 

while  equation  (7.22)  gives 

"  a  +  8,  *=  aA  +  3B. 

Eliminating  a  and  6  we  get 


(7.23) 

An-Bn  ,  o 

hn  "  A-B  n  *  1,2 . 

Case  II. 

A  *  B.  Equation  (7.21)  gives 

=  2A,  =  A^  , 

and  equation  (7.22)  gives 

=  a  +  28,  II3  =  (a+38)A  . 


Solving  we  get 


' 
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a  =  0  , 


3  “  A  , 


i.e. 


(7.24) 


h  =  nA 
n 


n-1 


n 


1,2, . . . 


Therefore  (7.24)  is  the  limiting  case  of  (7.23)  as  A  B 
H(t)  will  be  given  by 


(7.25) 


H(t) 


_ t _ 

(1-At)(l-Bt)  * 


Now  we  proceed  to  evaluate  the  determinating  series 
It  is  clear  that 


(7.26)  A(t)  =  l  pn(0)tn. 

n=o 

We  go  back  to  (7.7’) »  put  x  -  q  ■  0  and  substitute  for  Bn 

C  by  their  values  as  given  by  (7.18)  and  (7.19)  to  get 
n 

Pn+1(0)  =  h2Pn^0^  +  (h3_h2^Pn-l(°^ ’  n  = 


and 


A(t)  . 


and 


•  •  •  I 


\ 


■ 


■  i  a  I  -  v  :  .  ».n ' 


/ 
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Therefore 


v 

L 

n=o 


Pn+l(0)t 


n-fl 


OO  00 

h2t  £  Pn(0)t  +  (h3-h2)r  I  (0)t 

n=o  n=l  n-l 


n-1 


i.e. 


A(t)  -  1 


h2cA(t)  +  (h3-h2) t2A(t) . 


Therefore 


A(t) 


_ 1 _ 

l-h2t+(h2-h3) 


y 


i.e. 


A(C)  "  (l-At) (1-Bt) * 

and  the  case  A  -*■  B  is  included. 

Summarizing  we  have 

Theorem  7 . 2  The  orthogonal  (in  the  classical  sense)  polynomials 
(pn(x)>*  which  are  generated  by 

“  -1 
l  p  (x)tn  »  A(t) { l-xH(t) }  , 

L  n 
n^o 


(7.27) 


O*  I 


i  i;  -  f-*±  n  >lfhr 
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such  that  A(t)  and  H(t)  satisfy  (7.3)  and  (7.4)  respectively , 
are  the  Tchebichef f  polynomials  up  to  a_  linear  transformation  in  x . 

For  orthogonality  in  the  formal  sense  it  remains  to  consider 

00 

the  case  when  AB  <  0.  Define  {g  (x) }  by 

n  o 

l  ~  - A-j  • 

n^o  ,  0 

l-2xt-t 

CO 

Therefore  if  AB  <  0  then  the  polynomials  ^Pn(x)^0  wlth  generating 
function  (7.27)  such  that  (7.3)  and  (7.4)  are  valid,  are  the 
polynomials  {gn(x)>^  UP  to  a  linear  transformation  in  x. 


)■ 
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